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e M real analytic Riemannian manifold, f: > — M isometric
Immersion.

e fistotally geodesic if:

~v: I — Y geodesic = f o~v: I — M geodesic.
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General problem

e f:3F — M™iscompatibleif f: ¥ — Gri(T M) given by

f(z) = df.(T,%)
Is injective.
e f admits a unique inextendable extension.

o fi:2; — M (2 = 1, 2) are equivalent (and we write f1 ~ fo)if
there exists anisometry ¢: 21 — Yo with f; = f9 0 @.

Given M, classify (equivalence classes of) inextendable
compatible totally geodesic immersions to M up to congruence.
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Nearly Kahler manifolds

e (M, J)almost Hermitian manifold.
e M is nearly Kdhler if V J skew-symmetric.

e Butruille ('06): Classification of homogeneous nearly Kahler
manifolds G /K in dimension six:

M G K

SO G- SU(3)
F(C?) SU(3) T?
CP* Sp(2) U(1) x Sp(1)

S3 %S5  SU(2)? ASU(2)




Previously known results

e CP3:
o Totally geodesic + Lagrangian (Aslan '23, Liefsoens '22).

o Totally geodesic + J-holomorphic curve (Cwiklinski, Vrancken
'22).

e F(C3):
o Totally geodesic + Lagrangian (Storm '20).
e S3 x S3:

o Totally geodesic + Lagrangian (Zhang, Dioos, Hu, Vrancken,
Wang '16).

o Totally geodesic + J-holomorphic curve (Bolton, Dillen, Dioos,
Vrancken '22).
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Naturally reductive homogeneous spaces

e M = G/K Riemannian homogeneous space, o = eK.

e g =t @ pas Ad(K)-modules (reductive decomposition).
e v =T,M viaKilling fields.

e M is naturally reductive if exp ,(tX) = Exp(tX) - 0,VX € p.
e Canonical connection V¢ X(M) x X(M) — X(M):

(V5. Y*), = —[X, Y],.

e Differencetensora =V — Vp X p — p.

o(X,Y) = 7 [X, Y],
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subspace V € f(X) :

fi:Zi = M, fi(Z1)Nf(Z2) # T = f1 = fo

o GivenV C T}, M,when does V generate a totally geodesic
submanifold?
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e M = G/K naturally reductive, ¥ — M submanifold.

e Y is a-invariantif T, is a-invariant for all x € X..




CP” = Sp(2)/(U(1) x Sp(1))

Submanifold Orbit of Relationship with J
RP%,1/2(\/§) SU(2) Lagrangian
S2(1/4/2) Sp(1)y J-holomorphic
S2(1) SU(2) J-holomorphic
S2(v/5) SU(2)a, J-holomorphic

A3 = S3(C?) is the four-dimensional irrep. of SU(2).

a —b a(|al? — 2|b|2) —+/3a%b (b(2]al® —|b]%) —+/3ab?
(b a)%< V'3a?b a’ >+J< v/ 3ab? —b? )



F(C3) = SU(3)/T?

Submanifold Orbit of Relationship with J

F(R3) = S3(2v/2)/Qs SO(3) Lagrangian
S?c 1/4( ) SU(2) Lagrangian

Ta T? J-holomorphic

S2(1/v/2) U(2) J-holomorphic

S2(v/2) SO(3) J-holomorphic
RP? (2\/5) Inhomogeneous Totally real
A:<\f (0,2), v2r (1, %)> ﬁ .




S° x §% =SU(2)°/ASU(2)

Submanifold Orbit of Relationship with J
S3(2//3) SU(2)2 Lagrangian
S%,1/3(2) SU(2)13,2 Lagrangian

Tr T C U(1)° J-holomorphic

S2(4/3/2) ASU(2) J-holomorphic

S2(2/4/3) H C SU(2)13,2 Totally real
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Riemannian cones

e (M, g) complete real analytic Riemannian manifold.

e Riemmanian cone: M = (0, 00) x M with the metric
g = dr? + r?g.

e« I(M) = I(M).
e Ifdim M = 6,and Ric = 5g, then (Bar '93):

M is strict nearly Kahler = Hol(M) € {0, Gy}

e If M +# S%and (M) = 0, then Hol(M) = G..









NN

The case ii. is not possible if Hol(M) = G4 (Jentsch, Moroianu,
Semmelmann, '13).
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The case ii. is not possible if Hol(M) = G4 (Jentsch, Moroianu,

Semmelmann, '13).




Ambient  Submanifold Orbit of Relationship with J
RP?, 1/2(\/5) SU(2)/ Lagrangian
CP3 S2(1/4/2) Sp(1); J-holomorphic
S2(1) SU(2) J-holomorphic
S2(v/5) SU(2) 4, J-holomorphic
F(R?) SO(3) Lagrangian
S% 1/4( ) SU(2) Lagrangian
F(C?) : Ta T? J-ho omorphic
S2(1/4/2) U(2) J-holomorphic
S2(1/2) SO(3) J-holomorphic
RP2(2\/§) Inhomogeneous Totally real
S3(2/v/3) SU(2)2 Lagrangian
S% 1/3( ) SU(2)13,2 Lagrangian
S x S3 Tt T CU®)S J-holomorphic
S2(4/3/2) ASU(2) J-holomorphic

S2(2/4/3)

(
H g SU(2)13,2

Totally real



