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Aim of the tulk : Cosymplectic geometry is not

appropriate for the reduction of time-dependent

Hamiltonian systems

Our idea : To replace cosymplectic structures by

a special type of presymplectic structures : mechani

cal presymplectic structures
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1. Cosymplectic structures and (unreduced) time-depen

dent Hamiltonian systems

1. 1 Cosymplectic structures

↑ a manifold ,
dim - M = In+ 1

wer" (m) , neM"(M)

-Twin)a cosymplectic structure
En

Rawa-aw #
11

y nwn a volume form ,
dw =o , dn= o



(w , n) a cosymplectic structure on M

↓
7. RECEM) / Irw = 0 , irn

= 1

& the Reeb vector field of M

& preserves the cosymplectic structure
#

[RW = 0 , fr4= 0



Darboux coordinates for a cosymplectic structure (w . n)

=> 193-199 , P2, - , Pnit) local
coordinates on M/

w = dqndpi , n= dt , R
= t



Dynamics on cosymplectic mainfolds

(w . 2) a cosymplectic structure on M

S

Him-IRECOM)
-

7). Xxt (M) /ixnw = dH -R()y

ix,an = 0

Xin) = the Hamiltonian vector field of H with
respect to (w . n)



The evolution rector field of H with respect to (u , n)

En = R + Xwin)

X(win) and En) don't preserve the cosymplectic
structure

Cin) W = Sin W = d(MH



Local expressions

X
En
Integral curves of Eqwin)

==
Hamilton equations for H = H( Pi , t)



1.2 Time-dependent Hamiltonian systems

· The configuration spuce : Q a smouth manfold of
dimension n

· The phose space of momenta : IRXT
*

Q

· The cosymplectic structure : on 112XT"Q
:

(w , n) = (wa , dt)

Waz the canonical symplectic structure
onTQ

· The Reeb vector field : Yt



· The Hamiltonian function :

# : IRXTQ -> IRE CO (IRXTQ)

· The dynamical rector field :

(wo , dH
= 0t+ Xwa

,
d+/

E EJE(IRXTal
H

· Solutions of the Hamilton equations :

Integral curves of E,H



A common trick

We consider a new cosymplectic structure such

that its Reeb vector field is just the evolution

rector field of H

· H-cosymplectic structure (WHin) on 1RXT
*

Q

(WH = w + dHadt , dt)
Q

R the Reeb vector field
#

wdR



Summarizing

· Un reduced time-dependent Hamiltonian systems

#
Geometry : Cosymplectic

Dynamics : Reeb cosymplectic I



2. Cosymplectiv reduction and time-dependent Hamiltonianmsystems

systems dynamics

Cosymplectic and Recerebreduction (Albert , 89)

(Miw , n) a connected cosymplectic manfold

G a connected Lie group

p : 6xm
-> M an action of G on M

6 a cosymplectic action if

&g"w =w , jn= n , YgeG



⑧ i cosympleatic
#

0 = EsW = d(isnw) , <r,H) = CrEER , Fe

· o cosymplectic = h is Ginvariant

Ir ,am= 0 , vaty



Hamiltonian cosymplactic action

= J : Me g
* asmooth map/ismw =d]s , Vsty

J : M + j"a momentummap for 4

Noether theorem

J :M- a momentum
map for I

↓
S is a first integral of R



Assumption : J :M- is G-equivariant

Thoorem /Albert , 891

6.: 6xm-> M a Hamiltonian cosymplectic
action

J :n-ja
momentum map for I

Mej a regular value of
J

↓
1) Guacts on the regular

submarifuld J"(M)



# Mm =Sit is a quotient manitod and
GM
<RIGUS =0 , VEEE

↓
. i)5 ! cosymplectic structure (wMm) on Mm such that

o Trwm = inc , Trimm = ipn

·S #m : 1 "(m)-> Mm =
St canonical projection

n Ga

i im : ]"(m)<> M canonical inclusion



·
iii) & 1s- IM) is tungent

to J"(m) and im-projectable.

d S - ts projection RM is the Reeb vector field of
the

↓

c cosympleatic marifuld (MM , Wa , Mal)



Summerizing :
The unreduced cosymplectic structure

Eu The unreduced Reeb vector field

(M , (win) , r) + < 1 . 5 M) = 0 · geg

Gra Nin (Albert's condition)

(5 " (M) , Ziniw , imin) , Ris-(m)
m

> (Mm=M ,
(WM,M) , RM)

The reduced cosymplectic structure
The reduced Reeb vector field -



3. Problems in the application of Albert's method to the reduction

of time-dependent Hamiltonian systems

Problems are related With Albert's condition

· The typical momentum mups in Albert's reduction don't depend

on time =) First integrals don't depend on time ! (however,

we deal with time-dependent Hamiltonian systems ! (

· < dtiSiRXTa) = 0 => Action &
leves invariant

the time ! I however , we deal with time-dependent

Hamiltonica systems : I



An example
· Particle of mass m moving in a hormonic oscilkfor

potential with frequency -f in
N dimensions

· The system is described by an inertial observer

that moves with constant velocity v= (v ,
0, -10)

Hamiltonian of the System
H :RXT*RN-- IR

H(t ,q pi)=



· O cosymplectic action Of 12 for the cosymplectic structure
(WH d Or ARTIRN

& Is .
It .q , Pill = (t+S 1qtus , q , PiD)

,
SEIR , (E , Pi)ERXTYRN

· A Ir-equivariant momentum map J : IRXTYRN-XR

3) t , qu , pi) = - VP1 + H(+,q , pi)

It seems that we could make reduction ...



· Ho wever

< R . 1RXTRN) =
1 0

↓

Albert's reduction doesn't work !



Albert's condition

< & , 311XTQ)
= 0 , Eg

is the origin of our problems

We need this condition
in order to obtain a reduced

cosymplectic structure in Albert's
method

Conclusion : Cosymplectic geometry is not approprinte for
reduced time-dependent Hamiltinian Systems



We must remove the cosympleztic 1-form 2 of the picture

↓
We maintuin the cosympleatic 2-form w and the Reeb

rector field R

↓
We have a presymplectic structure of corank

1 (the

2 form w) with panellelizable characteristic foliation

(which is geneted by 1)



4 Reduction off mechanical presympleatic structures

4. 1 Mechanical presymplectic structures
-

↑ a smouth marifold , dim M= In+

A mechunical presymplectic structure on M

(0 , e( (n (M) xx+im) /

i) w is a presymplectic structure of corank 1

dw = 0
, wof rank In (wn(x) =w(x)aw() + 0

Xxem)

in) R is the Reeb rector field and Kerw =< 1)



Excouples :

i) (W , 2) a cosympletic structure with Reeb rector field

& =) (w , R) a mechanical presymplectic structure

in) The canonical contact structure on S2n
+ (n > 1)

induces a mechanical presymplectic structura on Sant

However , sint doesn't admit cosymplectic structures

by to pological obstructions.



4. 2 Symmetry Lie group for a mechanical presymplectic

structure and reduction

(w , r) a mechanical presymplectic structure on M

G a connected Lie snup

0 : GXM -> M an action of Gon M



6) a presymplectic mechanical action

1 Psw = w
, (TPy) or = 100g , FgEG

in) & (() # Tx(Gx) , ExeM

Remork :

i) <) GgnW = d(ismw) = 0 , [l ,En] = 0 , frey



Hamiltonian mechonical presympleztic action

6 : 6xm -> M a mechinical presymplectic action /

7) :M-ga smooth map and

igmw = dJs
, VgEY

7. H-g a momentum map for I



Noether theorem

7 : M-5 :a
momentum mup for $

↓
& is a first integral of R



Assumption : J :M- is G-equivariant

Thoorem

: 6xm -> M a Hamiltonian
presymplectic mechanical action

J :n-ja
momentum map for I

Mej a regular value of
J

-Guacts
on the regular submarifeld 3"(M)



If Mm = >M is a quotient manifold thee

.

en in) .

7 ! a closed 2-form Wa on Mm

e Triwm = inw ,

-

I Ga
m : "(m)-> Mm =

Sy canonical projection

im : ]"(M)<> M canonical inclusion



i) R ,- is tungent to ) and M-projectablee

S Its projection Rm satisfies
↑

e ·

Kerwm = < RM)

Thus , (WM , Rm) is a creduced) presymplectic
mechanical

structure on Mm =y
GM



4. 3 Application to the reduction of time-dependent

Hamiltonian systems

The unreduced time-dependent Hamiltonian system

A cosymplectic structure (win) on
M

: GXM-> M a Hamiltonian cosymplectic
action

7 :m-
*

an equivariant momentum map

H : m-> IR a G-invariant Hamiltonian function
(win)
EN the evolution vector field of H

En T (G..) , ExeM



First Step : Modification of the cosymplectic structure

and the momentum map

(WH = W+dHan , n) new cosympleatic structure on M

Erhe Reeb vector field of (WHin)

:M-
"
new equivariant momentum mup

7 (x1= J (x) - H(X)CH , EXEM

. Tw En mechanical presymplectic structure
· 0 : GX (4 , WH , E))->M , WH ,En) Hamiltonian presymplectic action



Second Step : Reduction of the mechanical presymplectic

structure (WH , EH)

-marevaloestructure
on Sit

GM

() WH)m , CEm)



Our example (revisited)
·

· Particle of mass m moving in a hormonic oscilkfor

potential with frequency -f in
N dimensions

· The system is described by an inertial observer

that moves with constant velocity v= (v ,
0, -10)

we can apply our method and we obtain a

geometric reduction /a reduced mechanical presympletic

structure) and a dynamical reduction /a reduced Reeb

rector field)



5. Conclusions

· Albert's reduction method doesn't work satisfactorily in the

redaction of time-dependent Hamiltonian systems
and , thereto

re , cosymplecic geometry is not appropriate for this
reduc

tion .

· We replace cosymplectic structures by mechanical presym

plectic structures
· We develop reduction of mechanical presymplectic

structures and we apply this process to interesting examples

of time-dependent Hamiltonian systems for which Albert's

reduction method doesn't work .
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