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INTRODUCTION

A pseudo-Riemannian manifold (M, g) is called homogeneous if for any
two points p, g € M there exists an isometry ¢ which maps p to g, i.e.,
the group of isometries acts transitively on M.
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INTRODUCTION

A pseudo-Riemannian manifold (M, g) is called homogeneous if for any
two points p, g € M there exists an isometry ¢ which maps p to q, i.e.,
the group of isometries acts transitively on M.

Homogeneous spaces are a central topic of Geometry.
Because of their uniform structure, investigations of homogeneous spaces
attracted the attention of many researchers.

As the geometry of a homogeneous manifold (M, g) is “the same”around
each point, analytic objects on (M, g) can be investigated algebraically.
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Classification results

It is a natural problem to classify homogeneous manifolds of prescribed
dimension and signature.
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Classification results

It is a natural problem to classify homogeneous manifolds of prescribed
dimension and signature.

Clearly, the difficulty of the classification problem increases with the
dimension.

A two-dimensional homogeneous pseudo-Riemannian (i.e., either
Riemannian or Lorentzian) manifold has constant curvature.
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Classification results

It is a natural problem to classify homogeneous manifolds of prescribed
dimension and signature.

Clearly, the difficulty of the classification problem increases with the
dimension.

A two-dimensional homogeneous pseudo-Riemannian (i.e., either
Riemannian or Lorentzian) manifold has constant curvature.

Therefore, the first relevant case to consider is the classification of
three-dimensional homogeneous pseudo-Riemannian manifolds.
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Classification results

What do we mean by “classification”?

There are different ways to approach the problem of classifying
homogeneous pseudo-Riemannian manifolds of prescribed signature
and dimension.
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Classification results

What do we mean by “classification”?

There are different ways to approach the problem of classifying
homogeneous pseudo-Riemannian manifolds of prescribed signature
and dimension.

One possibility is to understand which kind of geometric properties are

shared by the homogeneous pseudo-Riemannian manifolds of a given
dimension.
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Classification results

What do we mean by “classification”?

There are different ways to approach the problem of classifying
homogeneous pseudo-Riemannian manifolds of prescribed signature
and dimension.

One possibility is to understand which kind of geometric properties are
shared by the homogeneous pseudo-Riemannian manifolds of a given
dimension.

Another is to treat the problem “algebraically”, classifying all the pairs
(g,b), formed by a Lie algebra g and an isotropy subalgebra §j C so(p, q),
such that dim(g/h) = p+ g = dim M.
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Classification results

Theorem [Sekigawa, 1977]

A 3D (connected, simply connected, complete) homogeneous Riemannian
manifold is either symmetric or isometric to a 3D Riemannian Lie group
(a Lie group equipped with a left-invariant Riemannian metric).
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Classification results

Theorem [Sekigawa, 1977]

A 3D (connected, simply connected, complete) homogeneous Riemannian
manifold is either symmetric or isometric to a 3D Riemannian Lie group
(a Lie group equipped with a left-invariant Riemannian metric).

Theorem [GC, 2007]

A 3D (connected, simply connected, complete) homogeneous Lorentzian
manifold is either symmetric or isometric to a 3D Lorentzian Lie group.
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Theorem [Sekigawa, 1977]

A 3D (connected, simply connected, complete) homogeneous Riemannian
manifold is either symmetric or isometric to a 3D Riemannian Lie group
(a Lie group equipped with a left-invariant Riemannian metric).

Theorem [GC, 2007]

A 3D (connected, simply connected, complete) homogeneous Lorentzian
manifold is either symmetric or isometric to a 3D Lorentzian Lie group.

— Homogeneous structures are the main tool to prove the above results.
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Classification results

Theorem [Sekigawa, 1977]

A 3D (connected, simply connected, complete) homogeneous Riemannian
manifold is either symmetric or isometric to a 3D Riemannian Lie group
(a Lie group equipped with a left-invariant Riemannian metric).

Theorem [GC, 2007]

A 3D (connected, simply connected, complete) homogeneous Lorentzian
manifold is either symmetric or isometric to a 3D Lorentzian Lie group.

— Homogeneous structures are the main tool to prove the above results.

Under the above point of view, no differences seem to arise in dimension
three.
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Classification results

Theorem [Sekigawa, 1977]

A 3D (connected, simply connected, complete) homogeneous Riemannian
manifold is either symmetric or isometric to a 3D Riemannian Lie group
(a Lie group equipped with a left-invariant Riemannian metric).

Theorem [GC, 2007]

A 3D (connected, simply connected, complete) homogeneous Lorentzian
manifold is either symmetric or isometric to a 3D Lorentzian Lie group.

— Homogeneous structures are the main tool to prove the above results.

Under the above point of view, no differences seem to arise in dimension
three.

Dimension four is already a completely different story...due to the
existence of non-reductive homogeneous pseudo-Riemannian manifolds
[Fels-Renner, 2006].
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Classification results

3D symmetric spaces

However, even in dimension three and for symmetric spaces, that precise
correspondence is only apparent:
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@ Space forms: R3, S3(k),H3(—k);
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3D symmetric spaces

However, even in dimension three and for symmetric spaces, that precise
correspondence is only apparent:

3D symmetric Riemannian spaces

@ Space forms: R3, S3(k),H3(—k);

@ Riemannian direct products: S?(k) x R and H?(—k) x R;

3D symmetric Lorentzian spaces

@ Space forms: R3, S3(k), H3(—k);
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Classification results

3D symmetric spaces

However, even in dimension three and for symmetric spaces, that precise
correspondence is only apparent:

3D symmetric Riemannian spaces

@ Space forms: R3, S3(k),H3(—k);

@ Riemannian direct products: S?(k) x R and H?(—k) x R;

3D symmetric Lorentzian spaces

@ Space forms: R3, S3(k), H3(—k);

@ Lorentzian direct products: S?(k) x Ry, H?(—k) x Ry, S2(k) x R
and H3(—k) x R;
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Classification results

3D symmetric spaces

However, even in dimension three and for symmetric spaces, that precise
correspondence is only apparent:

3D symmetric Riemannian spaces

@ Space forms: R3, S3(k),H3(—k);

@ Riemannian direct products: S?(k) x R and H?(—k) x R;

3D symmetric Lorentzian spaces

@ Space forms: R3, S3(k), H3(—k);

@ Lorentzian direct products: S?(k) x Ry, H?(—k) x Ry, S2(k) x R
and H3(—k) x R;

@ 3D Cahen-Wallach spaces (symmetric spaces admitting a parallel
lightlike vector field).



Classification results

Unimodular Lie groups

Cross product

Let g denote a 3D Lie algebra, equipped with an either Riemannian or
Lorentzian scalar product (,) : g X g — R. The cross product

X:gxXg—g
is defined by condition
(ei X €j, ex) = det(e;, €, k),

where {e1, &, e3} denotes an orthonormal basis of the Lie algebra g.
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Classification results

Unimodular Lie groups

Cross product

Let g denote a 3D Lie algebra, equipped with an either Riemannian or
Lorentzian scalar product (,) : g X g — R. The cross product

X:gXg—g
is defined by condition
(ei X €j, ex) = det(e;, €, k),
where {e1, &, e3} denotes an orthonormal basis of the Lie algebra g.

Structure operator

The bracket product operation in g is related to the cross product operation by
L(u x v) = [u,v]

where L : g — g is a uniquely defined linear map.
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Classification results

Unimodular Lie groups

Cross product

Let g denote a 3D Lie algebra, equipped with an either Riemannian or
Lorentzian scalar product (,) : g X g — R. The cross product

X:gxXg—g
is defined by condition
(ei X €j, ex) = det(e;, €, k),

where {e1, &, e3} denotes an orthonormal basis of the Lie algebra g.

Structure operator
The bracket product operation in g is related to the cross product operation by
L(u x v) = [u,v]

where L : g — g is a uniquely defined linear map.
G is unimodular if and only if L is self-adjoint.
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Classification results

Unimodular Riemannian Lie groups

If the scalar product (,) is Riemannian, L being self-adjoint, g admits an
orthonormal basis {e, e, 3} of eigenvectors for L and so,

[e2, €3] = Mer,  [e3,e1] = Mo, [er, @] = Azes.
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Classification results

Unimodular Riemannian Lie groups

If the scalar product (,) is Riemannian, L being self-adjoint, g admits an
orthonormal basis {e, e, 3} of eigenvectors for L and so,

[e2, €3] = Mer,  [e3,e1] = Mo, [er, @] = Azes.

Non-isometric unimodular Riemannian Lie groups

G M| A2 | As
SUR) | + |+ | +
SL2,R) | + | + | -
E@) |+ |+]0
E(1,1) | +| -0
Hs +]0]0
R3 000
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Classification results

Unimodular Lorentzian Lie groups

If the scalar product (,) is Lorentzian, being L self-adjoint, g may assume
any of 4 different standard forms (Segre types), depending on the Jordan
normal form of L.
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Classification results

Unimodular Lorentzian Lie groups

If the scalar product (,) is Lorentzian, being L self-adjoint, g may assume
any of 4 different standard forms (Segre types), depending on the Jordan
normal form of L.

la L is diagonalizable:
[e1, €] = —A3e3, [er, €3] = —hoer, [e2, &3] = Mren.
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Classification results

Unimodular Lorentzian Lie groups

If the scalar product (,) is Lorentzian, being L self-adjoint, g may assume
any of 4 different standard forms (Segre types), depending on the Jordan
normal form of L.

la L is diagonalizable:
ler, &] = —Aze3, [er,63] = —hoer, [er, 6] = M.
Ib L admits complex eigenvalues:
le1, &] = —Ber —aes, [er,63] = —aer + fe3, e, &] = Aey,

(B#0).
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Classification results

Unimodular Lorentzian Lie groups

If the scalar product (,) is Lorentzian, being L self-adjoint, g may assume
any of 4 different standard forms (Segre types), depending on the Jordan
normal form of L.

la L is diagonalizable:
ler, &] = —Aze3, [er,63] = —hoer, [er, 6] = M.
Ib L admits complex eigenvalues:
le1, &] = —Ber —aes, [er,63] = —aer + fe3, e, &] = Aey,

(B #0).

Il L has a double root in its minimal polynomial:
[ug, ] = Aaus,  [ur,ws] = —Aqur — e, [u2, us] = Ay,
(2 =1).
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Classification results

Unimodular Lorentzian Lie groups

If the scalar product (,) is Lorentzian, being L self-adjoint, g may assume
any of 4 different standard forms (Segre types), depending on the Jordan
normal form of L.

la L is diagonalizable:
ler, &] = —Aze3, [er,63] = —hoer, [er, 6] = M.
Ib L admits complex eigenvalues:
le1, &] = —Ber —aes, [er,63] = —aer + fe3, e, &] = Aey,

(B#0).
Il L has a double root in its minimal polynomial:
[ug, ] = Aaus,  [ur,ws] = —Aqur — e, [u2, us] = Ay,
(2 =1).
Il L has a triple root in its minimal polynomial:
[Ul, U2] = u1 + Auz, [U17 U3] = —\uy, [U2, U3] = AUy + u3.

In the cases above, {e;} is an orthonormal basis with e3 timelike and {u;}
is a pseudo-orthonormal basis with (u;, up) = (us, uz) = 1.
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Classification results

Unimodular Lorentzian Lie groups

With Lie algebra /a

Lie group | A1 | A2 | A3
SL2,R) | + | + | +
SL2,R) | + | — | -
SU@2) |+ |+ ]| -
E@ |+ |+]o0
E@ | +]0| -
E(1,1) |+ | — |0
E(1,1) |+ |0 | +
Hs +]0]0
Hs 00| -
R3 0[0]oO
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Classification results

Unimodular Lorentzian Lie groups

With Lie algebra either /b or /I/

Lie group | A
SL(2,R) | #£0
E(1,1) 0
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Classification results

Unimodular Lorentzian Lie groups

With Lie algebra either /b or /I/

Lie group | A
SL(2,R) | #0
E(1,1) | 0

With Lie algebra //

Lie group A1 A2
SL(2,R) | #0| #0
E(1,1) 0 | #0
E(2) #0| O

Hs 0 0
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Classification results

Non-unimodular Riemannian Lie groups

If L is not self-adjoint, then the unimodular kernel u of g is
two-dimensional.
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Classification results

Non-unimodular Riemannian Lie groups

If L is not self-adjoint, then the unimodular kernel u of g is
two-dimensional.

When the Lie algebra g of a 3D non-unimodular Lie group is Riemannian,
so is u, and g admits an orthonormal basis {e, e, &3} such that

[ela e2] = ae + 663, [el) 63] =& T 6637 [62, 63] = 05
with a« +9 # 0 and ay+ S5 =0

(the latter condition follows from the possibility of choosing an
orthonormal basis {e;} with ad, e; L ad, e3).
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Classification results

Non-unimodular Lorentzian Lie groups

If L is not self-adjoint, being g Lorentzian, the 2D unimodular kernel u of
g is either Lorentzian, Riemannian or degenerate.
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Classification results

Non-unimodular Lorentzian Lie groups

If L is not self-adjoint, being g Lorentzian, the 2D unimodular kernel u of
g is either Lorentzian, Riemannian or degenerate.

Non-unimodular Lorentzian 3D algebras

IV.1 u Lorentzian: «a+ 4§ #0,

[e,€2] =0, [er, 5] = aer + Be, [er &3] =ve1 +de
({ei} orthonormal basis with e; timelike).
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Classification results

Non-unimodular Lorentzian Lie groups

If L is not self-adjoint, being g Lorentzian, the 2D unimodular kernel u of
g is either Lorentzian, Riemannian or degenerate.

Non-unimodular Lorentzian 3D algebras

IV.1 u Lorentzian: «a+ 4§ #0,
le1, 2] =0, [er, &3] = aer + Ber, [er, 3] = ve1 + de
({ei} orthonormal basis with e; timelike).

IV.2 u Riemannian: a+0#0, ay+p5=0,
le1,€2] =0, [e1,63] = aer + Ber,  [e2, €3] = ver + e
({ei} orthonormal with e; timelike).
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Classification results

Non-unimodular Lorentzian Lie groups

If L is not self-adjoint, being g Lorentzian, the 2D unimodular kernel u of
g is either Lorentzian, Riemannian or degenerate.

Non-unimodular Lorentzian 3D algebras

IV.1 u Lorentzian: a + 4 #0,
[e,€2] =0, [er, 5] = aer + Be, [er &3] =ve1 +de
({ei} orthonormal basis with e; timelike).

IV.2 u Riemannian: a+0#0, ay+p5=0,
le1,€2] =0, [e1,63] = aer + Ber,  [e2, €3] = ver + e
({ei} orthonormal with e; timelike).

IV.3 u degenerate: a + 9 # 0,
[u1, ] =0,  [ur,us] = aur + Bua,  [ua, us] = yur + dun
({u;} pseudo-orthonormal with (uy, u1) = (ua, us) =1).
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Classification results

Riemannian vs Lorentzian classification

3D homogeneous Riemannian manifolds

@ 3 space forms;
@ 2 direct products;
@ 1 standard form for the Riemannian unimodular Lie algebras,
@ and 1 for the non-unimodular ones.
[Milnor, 1976]
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Classification results

Riemannian vs Lorentzian classification

3D homogeneous Riemannian manifolds

@ 3 space forms;
@ 2 direct products;
@ 1 standard form for the Riemannian unimodular Lie algebras,
@ and 1 for the non-unimodular ones.
[Milnor, 1976]

3D homogeneous Lorentzian manifolds

@ 3 space forms;

@ 4 direct products;

@ Cahen-Wallach spaces;

@ 4 standard forms for the Lorentzian unimodular Lie algebras,
@ and 3 for the non-unimodular ones.

[Rahmani, 1992] [Cordero-Parker, 1997], [Garcia-Rio et al., 2023].



Homogeneous geodesics and naturally reductive spaces

Homogeneous geodesics

Let (M, g) be a homogeneous pseudo-Riemannian manifold and G a
connected Lie group of isometries acting transitively on M.
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Homogeneous geodesics and naturally reductive spaces

Homogeneous geodesics

Let (M, g) be a homogeneous pseudo-Riemannian manifold and G a
connected Lie group of isometries acting transitively on M.

Then, (M, g) can be identified with the pseudo-Riemannian
homogeneous space (G/H, g), where H denotes the isotropy group of the
origin o € M and g is G—invariant.
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Homogeneous geodesics and naturally reductive spaces

Homogeneous geodesics

Let (M, g) be a homogeneous pseudo-Riemannian manifold and G a
connected Lie group of isometries acting transitively on M.

Then, (M, g) can be identified with the pseudo-Riemannian
homogeneous space (G/H, g), where H denotes the isotropy group of the
origin o € M and g is G—invariant.

Definition
A geodesic v through o € M = G/H is called homogeneous if it is the
orbit of a one-parameter subgroup.
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Homogeneous geodesics and naturally reductive spaces

Homogeneous geodesics

Let (M, g) be a homogeneous pseudo-Riemannian manifold and G a
connected Lie group of isometries acting transitively on M.

Then, (M, g) can be identified with the pseudo-Riemannian
homogeneous space (G/H, g), where H denotes the isotropy group of the
origin o € M and g is G—invariant.

Definition

A geodesic v through o € M = G/H is called homogeneous if it is the
orbit of a one-parameter subgroup.

In general, the group G is not unique.

If v is homogeneous with respect to some isometry group G, then it is
also homogeneous with respect to the maximal connected group of
isometries of (M, g), but not conversely.
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Homogeneous geodesics and naturally reductive spaces

Homogeneous geodesics

A homogeneous pseudo-Riemannian manifold (M, g) is said to be
reductive if M = G/H and the Lie algebra g of G can be decomposed
into a direct sum g = h & m, where m is an Ad(H)-invariant subspace.
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Homogeneous geodesics and naturally reductive spaces

Homogeneous geodesics

A homogeneous pseudo-Riemannian manifold (M, g) is said to be
reductive if M = G/H and the Lie algebra g of G can be decomposed
into a direct sum g = h & m, where m is an Ad(H)-invariant subspace.

When H is connected, this is equivalent to the algebraic condition
[h,m] € m.
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Homogeneous geodesics and naturally reductive spaces

Homogeneous geodesics

A homogeneous pseudo-Riemannian manifold (M, g) is said to be
reductive if M = G/H and the Lie algebra g of G can be decomposed
into a direct sum g = h & m, where m is an Ad(H)-invariant subspace.

When H is connected, this is equivalent to the algebraic condition
[h,m] € m.

In dimension three, all homogeneous pseudo-Riemannian manifolds are
reductive.
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Homogeneous geodesics and naturally reductive spaces

Homogeneous geodesics

A homogeneous pseudo-Riemannian manifold (M, g) is said to be
reductive if M = G/H and the Lie algebra g of G can be decomposed
into a direct sum g = h & m, where m is an Ad(H)-invariant subspace.

When H is connected, this is equivalent to the algebraic condition
[h,m] € m.

In dimension three, all homogeneous pseudo-Riemannian manifolds are
reductive.

Homogeneous geodesics in a reductive homogeneous pseudo-Riemannian
manifold are characterized by the Geodesic Lemma [Dugek and Kowalski,
2006].
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Homogeneous geodesics and naturally reductive spaces

A g.o. space (“geodesic orbit space”) is a coset representation
(M = G/H, g) of a homogeneous pseudo-Riemannian manifold, all of
whose geodesics are homogeneous.
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Homogeneous geodesics and naturally reductive spaces

A g.o. space (“geodesic orbit space”) is a coset representation
(M = G/H, g) of a homogeneous pseudo-Riemannian manifold, all of
whose geodesics are homogeneous.

A reductive homogeneous pseudo-Riemannian space (M = G/H, g) with
reductive decomposition g = m @ b is called naturally reductive if

g(X,Y]m,Z) +g([X,Z]m,Y) =0, forall X,Y,Zem.
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Homogeneous geodesics and naturally reductive spaces

A g.o. space (“geodesic orbit space”) is a coset representation
(M = G/H, g) of a homogeneous pseudo-Riemannian manifold, all of
whose geodesics are homogeneous.

A reductive homogeneous pseudo-Riemannian space (M = G/H, g) with
reductive decomposition g = m @ b is called naturally reductive if
g([X, Y]m,Z) + g([X, Z]m, Y) =0, forall X,Y,Ze€m.

The above condition holds if and only if the Levi-Civita connection of
(M, g) and the canonical connection of the reductive split g =m & b
have exactly the same geodesics.
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Homogeneous geodesics and naturally reductive spaces

A g.o. space (“geodesic orbit space”) is a coset representation
(M = G/H, g) of a homogeneous pseudo-Riemannian manifold, all of
whose geodesics are homogeneous.

A reductive homogeneous pseudo-Riemannian space (M = G/H, g) with
reductive decomposition g = m @ b is called naturally reductive if
g([X, Y]m,Z) + g([X, Z]m, Y) =0, forall X,Y,Ze€m.

The above condition holds if and only if the Levi-Civita connection of
(M, g) and the canonical connection of the reductive split g =m & b
have exactly the same geodesics.

{symmetric spaces} C {naturally reductive spaces} C {g.o.spaces}
(inclusions are strict).
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Homogeneous geodesics and naturally reductive spaces

h.g. of 3D Lorentzian Lie groups

H.g. of 3D unimodular and non-unimodular Lorentzian Lie groups have
been completely classified [GC-Marinosci, 2006, 2008].
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Homogeneous geodesics and naturally reductive spaces

h.g. of 3D Lorentzian Lie groups

H.g. of 3D unimodular and non-unimodular Lorentzian Lie groups have
been completely classified [GC-Marinosci, 2006, 2008].

Several interesting behaviours were found.

In particular: for type /a with distinct eigenvalues, if neither A\; < A3 < Ay
nor Ay < A3 < Ap hold, there are not lightlike h.g. (FIRST EXAMPLE).
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Homogeneous geodesics and naturally reductive spaces

h.g. of 3D Lorentzian Lie groups

H.g. of 3D unimodular and non-unimodular Lorentzian Lie groups have
been completely classified [GC-Marinosci, 2006, 2008].

Several interesting behaviours were found.

In particular: for type /a with distinct eigenvalues, if neither A\; < A3 < Ay
nor Ay < A3 < Ap hold, there are not lightlike h.g. (FIRST EXAMPLE).

The cases where all geodesics are homogeneous were unimodular type /a
with two of the \;’s coinciding (just like in the Riemannian case).
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Homogeneous geodesics and naturally reductive spaces

3D naturally reductive spaces

Theorem [Tricerri-Vanhecke, 1983], [GC-Marinosci, 2008]

Let (M, g) be a 3D connected, simply connected pseudo-Riemannian
manifold. The following properties are equivalent:
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Homogeneous geodesics and naturally reductive spaces

3D naturally reductive spaces

Theorem [Tricerri-Vanhecke, 1983], [GC-Marinosci, 2008]

Let (M, g) be a 3D connected, simply connected pseudo-Riemannian
manifold. The following properties are equivalent:

(i) (M, g) is a g.o. space.
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Homogeneous geodesics and naturally reductive spaces

3D naturally reductive spaces

Theorem [Tricerri-Vanhecke, 1983], [GC-Marinosci, 2008]

Let (M, g) be a 3D connected, simply connected pseudo-Riemannian
manifold. The following properties are equivalent:

(i) (M, g) is a g.o. space.
(i) (M, g) is naturally reductive.
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Homogeneous geodesics and naturally reductive spaces

3D naturally reductive spaces

Theorem [Tricerri-Vanhecke, 1983], [GC-Marinosci, 2008]

Let (M, g) be a 3D connected, simply connected pseudo-Riemannian
manifold. The following properties are equivalent:

(i) (M, g) is a g.o. space.
(i) (M, g) is naturally reductive.

(iii) Either (M, g) is symmetric, or it is isometric to a unimodular Lie
group G, equipped with a left-invariant Riemannian metric, with diagonal
Lie algebra having exactly two of the \;'s coinciding.
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Homogeneous geodesics and naturally reductive spaces

3D naturally reductive spaces

Theorem [Tricerri-Vanhecke, 1983], [GC-Marinosci, 2008]

Let (M, g) be a 3D connected, simply connected pseudo-Riemannian
manifold. The following properties are equivalent:

(i) (M, g) is a g.o. space.
(i) (M, g) is naturally reductive.

(iii) Either (M, g) is symmetric, or it is isometric to a unimodular Lie
group G, equipped with a left-invariant Riemannian metric, with diagonal
Lie algebra having exactly two of the \;'s coinciding.

Corollary

3D connected, simply connected pseudo-Riemannian non-symmetric

naturally reductive spaces: SL(2,R), SU(2) and Hs, equipped with some
suitable left-invariant metrics.
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Einstein-like metrics

Einstein-like manifolds are generalizations of Einstein manifolds, defined
through conditions on the Ricci tensor [Gray, 1978].
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Einstein-like metrics

Einstein-like manifolds are generalizations of Einstein manifolds, defined
through conditions on the Ricci tensor [Gray, 1978].

A pseudo-Riemannian manifold (M, g)
(A) belongs to A if and only if its Ricci tensor g is cyclic-parallel, that is,

(Vxo)(Y,2)+ (Vyo)(Z,X)+ (Vzo)(X,Y)=0, VX,Y,Z
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Einstein-like metrics

Einstein-like manifolds are generalizations of Einstein manifolds, defined
through conditions on the Ricci tensor [Gray, 1978].

A pseudo-Riemannian manifold (M, g)
(A) belongs to A if and only if its Ricci tensor g is cyclic-parallel, that is,

This is equivalent to requiring that g is a Killing tensor, that is,

(Vxo)(X,X) =0 VX.
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Einstein-like metrics

Einstein-like manifolds are generalizations of Einstein manifolds, defined
through conditions on the Ricci tensor [Gray, 1978].

A pseudo-Riemannian manifold (M, g)
(A) belongs to A if and only if its Ricci tensor g is cyclic-parallel, that is,

This is equivalent to requiring that g is a Killing tensor, that is,

(Vxo)(X,X) =0 VX.

(B) belongs to B if and only if its Ricci tensor is a Codazzi tensor, that is,

(VXQ)(Y?Z):(VYQ)(Xa Z)a VXa Y,Z
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Einstein-like metrics

Einstein-like manifolds are generalizations of Einstein manifolds, defined
through conditions on the Ricci tensor [Gray, 1978].

A pseudo-Riemannian manifold (M, g)
(A) belongs to A if and only if its Ricci tensor g is cyclic-parallel, that is,

This is equivalent to requiring that g is a Killing tensor, that is,

(Vxo)(X,X) =0 VX.

(B) belongs to B if and only if its Ricci tensor is a Codazzi tensor, that is,
(VXQ)(Y»Z):(VYQ)(Xa Z)a VXa Vo2

Manifolds in both classes A and B have constant scalar curvature. Moreover,
E CP=AnNDB, where £ and P are Einstein and Ricci-parallel manifolds
respectively.
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Einstein-like metrics

3D Einstein-like homogeneous Riemannian manifolds

The interplay between homogeneity and Einstein-like conditions gave
some relevant results in the 3D Riemannian case:
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Einstein-like metrics

3D Einstein-like homogeneous Riemannian manifolds

The interplay between homogeneity and Einstein-like conditions gave
some relevant results in the 3D Riemannian case:

Theorem [Abbena-Garbiero-Vanhecke, 1992]

A 3D connected, simply connected homogeneous Riemannian manifold

(A) is a naturally reductive space if and only if its Ricci tensor is
cyclic-parallel;
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Einstein-like metrics

3D Einstein-like homogeneous Riemannian manifolds

The interplay between homogeneity and Einstein-like conditions gave
some relevant results in the 3D Riemannian case:

Theorem [Abbena-Garbiero-Vanhecke, 1992]

A 3D connected, simply connected homogeneous Riemannian manifold

(A) is a naturally reductive space if and only if its Ricci tensor is
cyclic-parallel;

(B) is a symmetric space if and only if its Ricci tensor is Codazzi.
In particular, conformally flat homogeneous Riemannian
three-manifolds are locally symmetric.
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Einstein-like metrics

3D Einstein-like homogeneous Riemannian manifolds

The interplay between homogeneity and Einstein-like conditions gave
some relevant results in the 3D Riemannian case:

Theorem [Abbena-Garbiero-Vanhecke, 1992]

A 3D connected, simply connected homogeneous Riemannian manifold

(A) is a naturally reductive space if and only if its Ricci tensor is
cyclic-parallel;

(B) is a symmetric space if and only if its Ricci tensor is Codazzi.
In particular, conformally flat homogeneous Riemannian
three-manifolds are locally symmetric.

Question:

Are these results still valid in Lorentzian settings?
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Einstein-like metrics

3D Einstein-like homogeneous Riemannian manifolds

The interplay between homogeneity and Einstein-like conditions gave
some relevant results in the 3D Riemannian case:

Theorem [Abbena-Garbiero-Vanhecke, 1992]

A 3D connected, simply connected homogeneous Riemannian manifold

(A) is a naturally reductive space if and only if its Ricci tensor is
cyclic-parallel;

(B) is a symmetric space if and only if its Ricci tensor is Codazzi.
In particular, conformally flat homogeneous Riemannian
three-manifolds are locally symmetric.

Are these results still valid in Lorentzian settings?
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Einstein-like metrics

3D Einstein-like homogeneous Lorentzian manifolds

Theorem [GC, 2007]

(A) A 3D unimodular Lorentzian Lie group is a naturally reductive space
if and only if its Ricci tensor is cyclic-parallel;
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Einstein-like metrics

3D Einstein-like homogeneous Lorentzian manifolds

Theorem [GC, 2007]

(A) A 3D unimodular Lorentzian Lie group is a naturally reductive space
if and only if its Ricci tensor is cyclic-parallel;

(B) however, there exist 3D unimodular Lorentzian Lie groups, whose
Ricci tensor is Codazzi, which are not symmetric spaces.
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Einstein-like metrics

3D Einstein-like homogeneous Lorentzian manifolds

Theorem [GC, 2007]

(A) A 3D unimodular Lorentzian Lie group is a naturally reductive space
if and only if its Ricci tensor is cyclic-parallel;

(B) however, there exist 3D unimodular Lorentzian Lie groups, whose
Ricci tensor is Codazzi, which are not symmetric spaces.

Theorem [GC, 2007, 2023]

There exist 3D non-unimodular Lorentzian Lie groups

(A) whose Ricci tensor is cyclic-parallel, which are not naturally
reductive spaces;
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Einstein-like metrics

3D Einstein-like homogeneous Lorentzian manifolds

Theorem [GC, 2007]

(A) A 3D unimodular Lorentzian Lie group is a naturally reductive space
if and only if its Ricci tensor is cyclic-parallel;

(B) however, there exist 3D unimodular Lorentzian Lie groups, whose
Ricci tensor is Codazzi, which are not symmetric spaces.

Theorem [GC, 2007, 2023]

There exist 3D non-unimodular Lorentzian Lie groups

(A) whose Ricci tensor is cyclic-parallel, which are not naturally
reductive spaces;

(B) whose Ricci tensor is Codazzi, which are not symmetric spaces.

In particular, conformally flat homogeneous Lorentzian three-manifolds
need not be locally symmetric.
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Ricci solitons

Definition

Pseudo-Riemannian Ricci Soliton:
a pseudo-Riemannian manifold (M, g) with a vector field X € X(M),

such that

Lxg+ 0= g,
where L denotes the Lie derivative, ¢ the Ricci tensor and A a real
constant.

G. Calvaruso On the Geometry of Three-dimensional Homogeneous Lorentzian Manifolds



Ricci solitons

Definition

Pseudo-Riemannian Ricci Soliton:
a pseudo-Riemannian manifold (M, g) with a vector field X € X(M),
such that
Lxg+ o= g,
where L denotes the Lie derivative, ¢ the Ricci tensor and A a real

constant.

— Ricci solitons generalize Einstein manifolds and are self-similar
solutions of the Ricci Flow

0
ag(t) = _2Qg(t)'
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Ricci solitons

Definition

Pseudo-Riemannian Ricci Soliton:
a pseudo-Riemannian manifold (M, g) with a vector field X € X(M),
such that
Lxg+ o= g,
where L denotes the Lie derivative, ¢ the Ricci tensor and A a real

constant.

— Ricci solitons generalize Einstein manifolds and are self-similar
solutions of the Ricci Flow

0
ag(t) = _2Qg(t)'

A Ricci soliton is said to be either expanding, steady o shrinking,
depending on whether A <0, A=0o0r A > 0.
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Ricci solitons

We were interested in algebraic solutions to the Ricci soliton equation,
where M = G is a metric Lie group and X € g.
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Ricci solitons

We were interested in algebraic solutions to the Ricci soliton equation,
where M = G is a metric Lie group and X € g.

In the Riemannian case this condition is too restrictive:

Theorem [Di Cerbo, 2014]

There exist no left-invariant Ricci solitons on a 3D Riemannian Lie group.

G. Calvaruso On the Geometry of Three-dimensional Homogeneous Lorentzian Manifolds



Ricci solitons

We were interested in algebraic solutions to the Ricci soliton equation,
where M = G is a metric Lie group and X € g.

In the Riemannian case this condition is too restrictive:

Theorem [Di Cerbo, 2014]

There exist no left-invariant Ricci solitons on a 3D Riemannian Lie group.

It is then natural to ask what happens in the 3D Lorentzian case.
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Ricci solitons

Unimodular case

Theorem [Brozos-Vazquez, GC, Garcia-Rio and Gavino-Fernandez,
2012]

Let G denote a 3D unimodular Lorentzian Lie group. Then, G admits a
left-invariant Ricci soliton in the following cases:
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Ricci solitons

Unimodular case

Theorem [Brozos-Vazquez, GC, Garcia-Rio and Gavino-Fernandez,
2012]

Let G denote a 3D unimodular Lorentzian Lie group. Then, G admits a
left-invariant Ricci soliton in the following cases:

1) g is of type /I:

[er, ] = e — (B—3)es, [er, 6] = —(B+ 3)er — Ses, [e2, 63] = aey

and
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Ricci solitons

Unimodular case

Theorem [Brozos-Vazquez, GC, Garcia-Rio and Gavino-Fernandez,
2012]

Let G denote a 3D unimodular Lorentzian Lie group. Then, G admits a
left-invariant Ricci soliton in the following cases:

1) g is of type /I:

[er,e0] = 3o — (B— 3)es, [e1, 3] = —(B+ 3)ex — 363, [e2, 6] = e
and

@ =0 (G =E(11)): then, X = —fe, is a spacelike steady Ricci
soliton; or
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Ricci solitons

Unimodular case

Theorem [Brozos-Vazquez, GC, Garcia-Rio and Gavino-Fernandez,
2012]

Let G denote a 3D unimodular Lorentzian Lie group. Then, G admits a
left-invariant Ricci soliton in the following cases:

1) g is of type /I:
[er,e0] = 3o — (B— 3)es, [e1, 3] = —(B+ 3)ex — 363, [e2, 6] = e
and

@ =0 (G =E(11)): then, X = —fe, is a spacelike steady Ricci
soliton; or

o a=pB+#0(G=SL(2,R)): then, X = —ZBe1+6(e2+€3)is a
spacelike expanding Ricci soliton.
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Ricci solitons

Unimodular case

2) g is of type /I:
1
_ﬁel — (€3,

[6‘17 63] = *%61 — ey,

[elv 62] =

[e2, &3] = aver + %62 — \%6‘3
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Ricci solitons

Unimodular case

2) g is of type /I:
1
_ﬁel — (€3,

[6‘17 63] = *%61 — ey,

[elv 62] =

[e2, &3] = aver + %62 — \%6‘3

Then, X = ae; — %ez e %63 is a Ricci soliton,

G. Calvaruso On the Geometry of Three-dimensional Homogeneous Lorentzian Manifolds



Ricci solitons

Unimodular case

2) g is of type /I:
1
_ﬁel — (€3,

[6‘17 63] = *%61 — ey,

[elv 62] =

[e2, &3] = aver + %62 — \%6‘3

Then, X = ae; — %ez e %63 is a Ricci soliton,

@ spacelike and expanding if & # 0 (G = §Z(2,R)),
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Ricci solitons

Unimodular case

2) g is of type /I:

[617 62] = —%61 — ez,
[6‘1763] \/561 Qéy,
[e2, &3] = aer + Jse2 — J5e3

Then, X = ae; — \[ez + fe3 is a Ricci soliton,

@ spacelike and expanding if & # 0 (G = SL(2,R)),
o lightlike and steady if « =0 (G = E(1,1)).
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Ricci solitons

Non-unimodular case

Theorem [Brozos-Vazquez, GC, Garcia-Rio and Gavino-Fernandez,
2012, 2023]

Let G = R? x R denote a 3D non-unimodular Lorentzian Lie group.
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Ricci solitons

Non-unimodular case

Theorem [Brozos-Vazquez, GC, Garcia-Rio and Gavino-Fernandez,
2012, 2023]

Let G = R? x R denote a 3D non-unimodular Lorentzian Lie group.
G admits a left-invariant Ricci soliton if and only if, up to homotheties, g
is one of the following:

G. Calvaruso On the Geometry of Three-dimensional Homogeneous Lorentzian Manifolds



Ricci solitons

Non-unimodular case

Theorem [Brozos-Vazquez, GC, Garcia-Rio and Gavino-Fernandez,
2012, 2023]

Let G = R? x R denote a 3D non-unimodular Lorentzian Lie group.

G admits a left-invariant Ricci soliton if and only if, up to homotheties, g
is one of the following:

o [e,3] =€ — &, [e,&]=e+e, [e,e]=0,where{e} isan
orthonormal basis with e; timelike. Then X = e3 is a spacelike steady
left-invariant Ricci soliton.
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Ricci solitons

Non-unimodular case

Theorem [Brozos-Vazquez, GC, Garcia-Rio and Gavino-Fernandez,
2012, 2023]

Let G = R? x R denote a 3D non-unimodular Lorentzian Lie group.

G admits a left-invariant Ricci soliton if and only if, up to homotheties, g
is one of the following:

o [e,3] =€ — &, [e,&]=e+e, [e,e]=0,where{e} isan
orthonormal basis with e; timelike. Then X = e3 is a spacelike steady
left-invariant Ricci soliton.

o [ui, o] =0, [ur,u3] =au +Bu, [wp,u3]=(2—a)u, (a#0),

where {u;} is a pseudo-orthonormal basis with (u, u;) = 1.
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Ricci solitons

Non-unimodular case

Theorem [Brozos-Vazquez, GC, Garcia-Rio and Gavino-Fernandez,
2012, 2023]

Let G = R? x R denote a 3D non-unimodular Lorentzian Lie group.

G admits a left-invariant Ricci soliton if and only if, up to homotheties, g
is one of the following:

o [e,3] =€ — &, [e,&]=e+e, [e,e]=0,where{e} isan
orthonormal basis with e; timelike. Then X = e3 is a spacelike steady
left-invariant Ricci soliton.

o [ui, o] =0, [ur,u3] =au +Bu, [wp,u3]=(2—a)u, (a#0),

where {u;} is a pseudo-orthonormal basis with (u;, u1) = 1. Then,

X = (lo‘qufa#3andX 3du +(—f— )U2+U3if0473,|53
Ricci soliton (steady, expanding or shrlnklng, depending on the structure
constants and the components of X).
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Homogeneous structures

Homogeneous structures allow a tensorial approach to the study of
homogeneous reductive manifolds. They were first introduced in Riemannian
settings and then extended to the pseudo-Riemannian case.
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Homogeneous structures
Homogeneous structures allow a tensorial approach to the study of

homogeneous reductive manifolds. They were first introduced in Riemannian
settings and then extended to the pseudo-Riemannian case.

Let (M, g) denote a connected pseudo-Riemannian manifold, V and R the
Levi-Civita connection and curvature tensor of (M, g) respectively.
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Homogeneous structures

Homogeneous structures allow a tensorial approach to the study of
homogeneous reductive manifolds. They were first introduced in Riemannian
settings and then extended to the pseudo-Riemannian case.

Let (M, g) denote a connected pseudo-Riemannian manifold, V and R the
Levi-Civita connection and curvature tensor of (M, g) respectively.

A homogeneous (pseudo-Riemannian) structure (h.s.) on (M, g) is a tensor
field T of type (1,2) on M, such that the connection V = V — T satisfies

Vg =0, VR =0, VT =0.
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Homogeneous structures

Homogeneous structures allow a tensorial approach to the study of
homogeneous reductive manifolds. They were first introduced in Riemannian
settings and then extended to the pseudo-Riemannian case.

Definition

Let (M, g) denote a connected pseudo-Riemannian manifold, V and R the
Levi-Civita connection and curvature tensor of (M, g) respectively.

A homogeneous (pseudo-Riemannian) structure (h.s.) on (M, g) is a tensor
field T of type (1,2) on M, such that the connection V = V — T satisfies

Vg =0, VR =0, VT =0.

Theorem [Ambrose and Singer, 1958],[Gadea and Oubifia, 1992]

Let (M, g) be a connected, simply connected and complete pseudo-Riemannian
manifold. Then, (M, g) admits a homogeneous pseudo-Riemannian structure if
and only if it is a reductive homogeneous pseudo-Riemannian manifold.
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Homogeneous structures

Homogeneous structures allow a tensorial approach to the study of
homogeneous reductive manifolds. They were first introduced in Riemannian
settings and then extended to the pseudo-Riemannian case.

Definition

Let (M, g) denote a connected pseudo-Riemannian manifold, V and R the
Levi-Civita connection and curvature tensor of (M, g) respectively.

A homogeneous (pseudo-Riemannian) structure (h.s.) on (M, g) is a tensor
field T of type (1,2) on M, such that the connection V = V — T satisfies

Vg =0, VR =0, VT =0.

Theorem [Ambrose and Singer, 1958],[Gadea and Oubifia, 1992]

Let (M, g) be a connected, simply connected and complete pseudo-Riemannian
manifold. Then, (M, g) admits a homogeneous pseudo-Riemannian structure if
and only if it is a reductive homogeneous pseudo-Riemannian manifold.

More details and recent developments on h.s. in pseudo-Riemannian settings:

@ G. Calvaruso and M. Castrillon-Lopez, Pseudo-Riemannian Homogeneous
Structures, Developments in Math., Springer, 2019,
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Homogeneous structures

Let T be a h.s. on (M, g) (T will denote both the (1,2)-tensor field and its
metric equivalent (0, 3)-tensor field, defined by T(X,Y,Z) = g(TxY, Z)).
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Homogeneous structures

Let T be a h.s. on (M, g) (T will denote both the (1,2)-tensor field and its
metric equivalent (0, 3)-tensor field, defined by T(X,Y,Z) = g(TxY, Z)).

Fix x € M and consider V = R™ with the standard symmetric bilinear form
(, ) of signature (p, g) as a model of (T M, g).
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Homogeneous structures

Let T be a h.s. on (M, g) (T will denote both the (1,2)-tensor field and its
metric equivalent (0, 3)-tensor field, defined by T(X,Y,Z) = g(TxY, Z)).

Fix x € M and consider V = R™ with the standard symmetric bilinear form
(, ) of signature (p, g) as a model of (T M, g).

We take the space of tensors S(V) C ®*V* with the same symmetries as T

S(V)={T e®*V*/T(X,Y,Z)+ T(X,Z,Y) =0}.
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Homogeneous structures

Let T be a h.s. on (M, g) (T will denote both the (1,2)-tensor field and its
metric equivalent (0, 3)-tensor field, defined by T(X,Y,Z) = g(TxY, Z)).

Fix x € M and consider V = R™ with the standard symmetric bilinear form
(, ) of signature (p, g) as a model of (T M, g).

We take the space of tensors S(V) C ®*V* with the same symmetries as T

S(V)={T e®*V*/T(X,Y,Z)+ T(X,Z,Y) =0}.

S(V) is isomorphic to V* ® A2V* and carries a non-degenerate symmetric
bilinear form, defined by

m

(T, Ty = Z e'de T (ei, e, e) T/ (61, €, ex),
ij,k=1
where {e1, ..., en} is any orthonormal basis of (V,(, )) and &' = (e}, &).
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Homogeneous structures

Whenever dim M > 3, the space S(V') decomposes into irreducible and
mutually orthogonal O(p, g)-submodules as

S(V) =81(V) @ S2(V) ® S3(V),
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Homogeneous structures

Whenever dim M > 3, the space S(V') decomposes into irreducible and
mutually orthogonal O(p, g)-submodules as

S(V)=8i(V) @ S(V) @ S3(V),
where
S ={TeS8/T(X,¥.2) = (X, V)o(2) -~ (X, 2)e(¥), p € @ (M) },
S = {T € S/(J‘x’y,zT(X, Y, Z) =0, C12(T) = ie,—T(ei,ei,-) = 0},

Sg:{TeS/T(X, Y,Z)+T(Y,X7Z)=0}v

with ox,y,z denoting the cyclic sum with respect to X, Y, Z.
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Homogeneous structures

Homogeneous structures belonging to one of the above submodules (or to the
sum of two of them) have a special meaning.
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Homogeneous structures

Homogeneous structures belonging to one of the above submodules (or to the
sum of two of them) have a special meaning. In particular:

@ T € Ssifand only if (M = G/H, g) is naturally reductive.
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Homogeneous structures

Homogeneous structures belonging to one of the above submodules (or to the
sum of two of them) have a special meaning. In particular:

@ T € Ssifand only if (M = G/H, g) is naturally reductive.

@ TS @S ifandonly if ox,y,zT(X,Y,Z) =0 ((M,g) is said to be
cyclic homogeneous).

G. Calvaruso On the Geometry of Three-dimensional Homogeneous Lorentzian Manifolds



Homogeneous structures

Homogeneous structures belonging to one of the above submodules (or to the
sum of two of them) have a special meaning. In particular:

@ T € Ssifand only if (M = G/H, g) is naturally reductive.

@ TS @S ifandonly if ox,y,zT(X,Y,Z) =0 ((M,g) is said to be
cyclic homogeneous).

@ T € &1 (of linear type) is explicitly described by

for a suitable vector field £ on M.

o In Riemannian settings, the existence of T € &; is equivalent to
(M, g) being locally isometric to the real hyperbolic space RH".
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Homogeneous structures

Homogeneous structures belonging to one of the above submodules (or to the
sum of two of them) have a special meaning. In particular:

@ T € Ssifand only if (M = G/H, g) is naturally reductive.
@ TS @S ifandonly if ox,y,zT(X,Y,Z) =0 ((M,g) is said to be
cyclic homogeneous).

@ T € &1 (of linear type) is explicitly described by

for a suitable vector field £ on M.
o In Riemannian settings, the existence of T € &; is equivalent to
(M, g) being locally isometric to the real hyperbolic space RH".

o In Lorentzian settings, if T is nondegenerate ( <= £ is not
lightlike), then M has constant sectional curvature

K=—g(£¢&) #0.
If T is degenerate (that is, g(§,&) = 0), then M is a singular

scale-invariant plane wave.
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Homogeneous structures

We now focus on the classification of h.s. on 3D Lie groups equipped
with a left-invariant pseudo-Riemannian metric.
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Homogeneous structures

We now focus on the classification of h.s. on 3D Lie groups equipped
with a left-invariant pseudo-Riemannian metric.

(M = G, g) admits a canonical homogeneous structure TV, defined, for
all X,Y,Z eg, by

2¢(TY(X,Y),Z) =¢g([X, Y], 2) - &([Y, 2], Z) + &(IZ, X], Y).
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Homogeneous structures

We now focus on the classification of h.s. on 3D Lie groups equipped
with a left-invariant pseudo-Riemannian metric.

(M = G, g) admits a canonical homogeneous structure TV, defined, for
all X,Y,Z eg, by

2¢(TY(X,Y),Z) =¢g([X, Y], 2) - &([Y, 2], Z) + &(IZ, X], Y).

The corresponding Ambrose-Singer connection V=V-T"is
determined by VxY = 0 for all X, Y € g, leading to the canonical
description G = G/{e} of G as homogeneous space.
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Homogeneous structures

3D Riemannian h.s.: unimodular case

Theorem [Calv uzao, Ferreiro-Sub
Vazquez-Lorenzo, 2023]

[e2, &3] = Aien, [e3, 1] = \oer, [e1, &2] = Ases, {ei} orthonormal.
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Homogeneous structures

3D Riemannian h.s.: unimodular case

Theorem [Calv uzao, Ferreiro-Sub
Vazquez-Lorenzo, 2023]

[e2, &3] = Aien, [e3, 1] = \oer, [e1, &2] = Ases, {ei} orthonormal.
When (G, g) is not symmetric, there are two mutually excluding cases:
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Homogeneous structures

3D Riemannian h.s.: unimodular case

Louzao, Ferreiro-Sub Garcia-Rio and
Vazquez-Lorenzo, 2023]

[e2, &3] = Aien, [e3, 1] = \oer, [e1, &2] = Ases, {ei} orthonormal.
When (G, g) is not symmetric, there are two mutually excluding cases:

(i) The A;'s are all distinct. Then, the only h.s. is the canonical one.
TV €8 if M+ X2+ A3 =0, otherwise TV € S, ® Ss.
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Homogeneous structures

3D Riemannian h.s.: unimodular case

Louzao, Ferreiro-Sub Garcia-Rio and
Vazquez-Lorenzo, 2023]

[e2, &3] = Aien, [e3, 1] = \oer, [e1, &2] = Ases, {ei} orthonormal.
When (G, g) is not symmetric, there are two mutually excluding cases:

(i) The A;'s are all distinct. Then, the only h.s. is the canonical one.
TV €8 if M+ X2+ A3 =0, otherwise TV € S, ® Ss.

(i) A1 — X2 =0# )As.
Then the exists a one-parameter family of h.s.

Ti=Xet@e®Ned — e @er N+ 2k’ @ el Ae?, keR.

Tk € Sy for k = —A3 and Ty € S3 for kK = %)\3, otherwise Ty, € S; @ Ss.
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Homogeneous structures

3D Riemannian h.s.: non-unimodular case

Theorem [Calvifio-Louzao, Ferreiro-Subrido, Garcia-Rio and
Vazquez-Lorenzo, 2023]

[e1, &] = aex + Bes, [e1, &3] = ver + e, [e2, €3] = 0, v+ # 0.
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Homogeneous structures

3D Riemannian h.s.: non-unimodular case

Theorem [Calvifio-Louzao, Ferreiro-Subrido, Garcia-Rio and
Vazquez-Lorenzo, 2023]

[e1, &] = aer + Bes, [e1, €3] = vex + des, [e2,3] =0, a+ § # 0. When (G, g)
is not symmetric, there are the following mutually excluding cases:

(i) «d #0, B = —2: only the canonical homogeneous structure.

TV €818 S if v =0, otherwise TV is generic.
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Homogeneous structures

3D Riemannian h.s.: non-unimodular case

Theorem [Calvifio-Louzao, Ferreiro-Subrido, Garcia-Rio and
Vazquez-Lorenzo, 2023]

[e1, &] = aer + Bes, [e1, €3] = vex + des, [e2,3] =0, a+ § # 0. When (G, g)
is not symmetric, there are the following mutually excluding cases:

(i) «d #0, B = —2: only the canonical homogeneous structure.

TV €818 S if v =0, otherwise TV is generic.
(i) v=60 =0, aB # 0: the one-parameter family of h.s.
Ti=Be'®e’ N — B Qe Ne® + 2k @ et A e?, kK eR.

Tk € S; when Kk = —8 and T € S5 when kK = g otherwise Tx € S D Ss.
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Homogeneous structures

3D Riemannian h.s.: non-unimodular case

Theorem [Cal ouzao, Ferreiro-Subrido, Garcia-Rio and
Vazquez-Lorenzo, 2023]

[e1, &] = aer + Bes, [e1, €3] = vex + des, [e2,3] =0, a+ § # 0. When (G, g)
is not symmetric, there are the following mutually excluding cases:

(i) «d #0, B = —2: only the canonical homogeneous structure.

TV €818 S if v =0, otherwise TV is generic.
(i) v=60 =0, aB # 0: the one-parameter family of h.s.
Ti=Bel®e? N — B Qe Ae® + 2k @ el Ae?, k eR.

Tk € S; when Kk = —8 and T € S5 when kK = g otherwise Tx € S D Ss.

Consequences

A non-symmetric 3D Riemannian Lie group: admits a non-canonical h.s.
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Homogeneous structures

3D Riemannian h.s.: non-unimodular case

Theorem [Cal ouzao, Ferreiro-Subrido, Garcia-Rio and
Vazquez-Lorenzo, 2023]

[e1, &] = aer + Bes, [e1, €3] = vex + des, [e2,3] =0, a+ § # 0. When (G, g)
is not symmetric, there are the following mutually excluding cases:

(i) «d #0, B = —2: only the canonical homogeneous structure.

TV €818 S if v =0, otherwise TV is generic.
(i) v=60 =0, aB # 0: the one-parameter family of h.s.
Ti=Bel®e? N — B Qe Ae® + 2k @ el Ae?, k eR.
Tk € S; when Kk = —8 and T € S5 when kK = g otherwise Tx € S D Ss.

Consequences

A non-symmetric 3D Riemannian Lie group: admits a non-canonical h.s.
&> its isometry group has dimension four
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Homogeneous structures

3D Riemannian h.s.: non-unimodular case

Theorem [Cal ouzao, Ferreiro-Subrido, Garcia-Rio and
Vazquez-Lorenzo, 2023]

[e1, &] = aer + Bes, [e1, €3] = vex + des, [e2,3] =0, a+ § # 0. When (G, g)
is not symmetric, there are the following mutually excluding cases:

(i) «d #0, B = —2: only the canonical homogeneous structure.

TV €818 S if v =0, otherwise TV is generic.
(i) v=60 =0, aB # 0: the one-parameter family of h.s.
Ti=Bel®e? N — B Qe Ae® + 2k @ el Ae?, k eR.

Tk € S; when Kk = —8 and T € S5 when kK = g otherwise Tx € S D Ss.

Consequences

A non-symmetric 3D Riemannian Lie group: admits a non-canonical h.s.
&> its isometry group has dimension four
& it admits T € S3 (naturally reductive)
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Homogeneous structures

3D Riemannian h.s.: non-unimodular case

Theorem [Cal ouzao, Ferreiro-Subrido, Garcia-Rio and
Vazquez-Lorenzo, 2023]

[e1, &] = aer + Bes, [e1, €3] = vex + des, [e2,3] =0, a+ § # 0. When (G, g)
is not symmetric, there are the following mutually excluding cases:

(i) «d #0, B = —2: only the canonical homogeneous structure.

TV €818 S if v =0, otherwise TV is generic.
(i) v=60 =0, aB # 0: the one-parameter family of h.s.
Ti=Bel®e? N — B Qe Ae® + 2k @ el Ae?, k eR.

Tk € S; when Kk = —8 and T € S5 when kK = g otherwise Tx € S D Ss.

Consequences

A non-symmetric 3D Riemannian Lie group: admits a non-canonical h.s.
&> its isometry group has dimension four
& it admits T € S3 (naturally reductive) = it admits T € So.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case la

Theorem [GC-Zaeim, 2024]

[e1, &] = —Ases, [e1, &3] = — e, [e2, €3] = Are1, €3 timelike.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case la

Theorem [GC-Zaeim, 2024]

[e1, &] = —Ases, e, &] = — e, [e2, €3] = A1e1, €3 timelike. When (G, g) is
not symmetric, we have the following mutually excluding cases:
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Homogeneous structures

3D Lorentzian h.s.: unimodular case la

Theorem [GC-Zaeim, 2024]

[e1, &] = —Ases, e, &] = — e, [e2, €3] = A1e1, €3 timelike. When (G, g) is
not symmetric, we have the following mutually excluding cases:
(i) The A;'s are all distinct. Then, the only homogeneous Lorentzian

structure is the canonical one TV.
TV € S if A1+ X2+ A3 = 0, otherwise TV € S; ® Ss.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case la

Theorem [GC-Zaeim, 2024]

[e1, &] = —Ases, e, &] = — e, [e2, €3] = A1e1, €3 timelike. When (G, g) is
not symmetric, we have the following mutually excluding cases:

(i) The A;'s are all distinct. Then, the only homogeneous Lorentzian
structure is the canonical one TV.
TV €S8 if M+ X2+ A3 =0, otherwise TV € S, & Ss.

(i) A1 — X2 =0 # A3. Then, there exists a one-parameter family of h.s.
Tk:)\3e1®e2Ae3f/\ge2®e1Ae3+2ne3®el/\eQ, k € R.
Ty € S, for k = —A3 and Ty € S5 for kK = %)\3, otherwise Ty € S ® Ss.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case la

Theorem [GC-Zaeim, 2024]

[e1, &] = —Ases, e, &] = — e, [e2, €3] = A1e1, €3 timelike. When (G, g) is
not symmetric, we have the following mutually excluding cases:

(i) The A;'s are all distinct. Then, the only homogeneous Lorentzian
structure is the canonical one TV.
TV €S8 if M+ X2+ A3 =0, otherwise TV € S, & Ss.

(i) A1 — X2 =0 # A3. Then, there exists a one-parameter family of h.s.
Tk:)\3e1®e2Ae3f/\ge2®e1Ae3+2/£e3®el/\eQ, k € R.
Ti € S for k = —A3 and Ty € S3 for k = %)\3, otherwise Ty € S> @ Ss.
(iii) A1 — A3 = 0 # Xo. Then, the exists a one-parameter family of h.s.
Ti=Xel@e? N+ 2k’ @et N+ ¥ @et Ae?, keR.
Tk € S when k = —Xp and Ty € Sz if k = 22, otherwise Ty € S» ® Ss.

z 0
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Homogeneous structures

3D Lorentzian h.s.: unimodular case Ib

Theorem [GC-Zaeim, 2024]

[e1, ] = —Ber — aes, [e1, &3] = —aer + fes, [e2, e3] = Ae, B # 0, 3 timelike.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case Ib

Theorem [GC-Zaeim, 2024]

[e1, ] = —Ber — aes, [e1, &3] = —aer + fes, [e2, e3] = Ae, B # 0, 3 timelike.
(G, g), if not symmetric, only admits the canonical homogeneous structure.

TV € S, when A+ 2a = 0, otherwise TV € S, & Ss.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case Il

Theorem [GC-Zaeim, 2024]

[ur, 2] = Xous, [ur, uz] = =M — e, [u2, us] = Aue
(&2 =1, (u, ) = (us,u3) =1).
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Homogeneous structures

3D Lorentzian h.s.: unimodular case Il

Theorem [GC-Zaeim, 2024]

[ur, 2] = Xous, [ur, uz] = =M — e, [u2, us] = Aue
(€2 =1, (u1, w) = (us, u3) = 1). (G, g) admits the following h.s.:

(i) The canonical h.s. TV, of type S> when 21 + \» = 0, otherwise
TV €5 8.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case Il

Theorem [GC-Zaeim, 2024]
[ur, 2] = Xous, [ur, uz] = =M — e, [u2, us] = Aue
(€2 =1, (u1, w) = (us, u3) = 1). (G, g) admits the following h.s.:

(i) The canonical h.s. TV, of type S> when 21 + \» = 0, otherwise
TV €5 8.

(if) When X2 = A\; # O:

Tk = MElulAP+2kt @ut A — P @ ut AL
+)\1u1®u2/\u3, k € R.

Ty € S3 when k = 0, otherwise Ty € So B Ss.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case Il

Theorem [GC-Zaeim, 2024]

[Ul, U2] = u1 + Aus, [U1, U3] = —)\ul, [U27 U3] = A\ + u3.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case Il

Theorem [GC-Zaeim, 2024]

[Ul, U2] = u1 + Aus, [U1, U3] = —)\ul, [U27 U3] = A\ + u3. (G,g) admits the
following h.s.:

(i) The canonical h.s., TV € S, when A = 0, otherwise TV € S, @ Ss.
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Homogeneous structures

3D Lorentzian h.s.: unimodular case Il

Theorem [GC-Zaeim, 2024]

[Ul, U2] = u1 + Aus, [U1, U3] = —)\ul, [U27 U3] = A\ + u3. (G,g) admits the
following h.s.:

(i) The canonical h.s., TV € S, when A = 0, otherwise TV € S, @ Ss.
(i) When A =0:
Ti=20u N* + 26’ @ P AN+ 28 @ P AP, Kk ER.
T« € S1 when k = 0, otherwise Ty € S1 & So.

G. Calvaruso On the Geometry of Three-dimensional Homogeneous Lorentzian Manifolds



Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.1 (Lorentzian kernel)

Theorem [GC-Zaeim, 2024]

[er, &] =0, [e1, &3] = aer + Be, [e2, €3] = yer + e, a+ 6 # 0, e3 timelike.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.1 (Lorentzian kernel)

Theorem [GC-Zaeim, 2024]

le1, 2] =0, [e1, &3] = cver + Be, [e2, €3] = ye1 + de2, a+ 8 # 0, e3 timelike.
(G, g), if not symmetric, admits the following h.s.:

(i) The canonical h.s. TY € 81 @ S if v+ 8 = 0, otherwise it is generic.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.1 (Lorentzian kernel)

Theorem [GC-Zaeim, 2024]

le1, 2] =0, [e1, &3] = cver + Be, [e2, €3] = ye1 + de2, a+ 8 # 0, e3 timelike.
(G, g), if not symmetric, admits the following h.s.:

(i) The canonical h.s. TY € 81 @ S if v+ 8 = 0, otherwise it is generic.
(i) If 8= %‘;,'y # 0: a one-parameter family of h.s. Tj. In general

Tk € S> @ S3, but Ty € S> and Ty € S3 for special values of the structure
constants.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.1 (Lorentzian kernel)

Theorem [GC-Zaeim, 2024]

le1, 2] =0, [e1, &3] = cver + Be, [e2, €3] = ye1 + de2, a+ 8 # 0, e3 timelike.
(G, g), if not symmetric, admits the following h.s.:

(i) The canonical h.s. TY € 81 @ S if v+ 8 = 0, otherwise it is generic.

(i) If 8= %5,7 # 0: a one-parameter family of h.s. Tj. In general
Tk € S> @ S3, but Ty € S> and Ty € S3 for special values of the structure
constants.

(iii) If6=~v=0+#4:
Ti=—-pet @’ N +2ke’@etne® — e e Ae?, keR.

Tk € S> when k = —f3 and T € S;3 when k = g otherwise Ty, € S» © Ss.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.1 (Lorentzian kernel)

Theorem [GC-Zaeim, 2024]

le1, 2] =0, [e1, &3] = cver + Be, [e2, €3] = ye1 + de2, a+ 8 # 0, e3 timelike.
(G, g), if not symmetric, admits the following h.s.:

(i) The canonical h.s. TY € 81 @ S if v+ 8 = 0, otherwise it is generic.

(i) If 8= %5,7 # 0: a one-parameter family of h.s. Tj. In general
Tk € S> @ S3, but Ty € S> and Ty € S3 for special values of the structure
constants.

(iii) If6=~v=0+#4:
Ti=—-pet @’ N +2ke’@etne® — e e Ae?, keR.
Tk € S> when k = —f3 and T € S;3 when k = g otherwise Ty, € S» © Ss.

(iv) If &« =~ =0# 35: a one-parameter family of h.s. Tj.
In general Ty € S> @ S3, but Ty € S> and Ty € S3 for special values of
the structure constants.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.2 (Riemannian kernel)

Theorem [GC-Zaeim, 2024]

ler, &] = 0, [e1, &3] = cver + Bes, [e2, &3] = ve1 + e, a+6 #0, ay+ 35 =0,
e1 timelike.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.2 (Riemannian kernel)

Theorem [GC-Zaeim, 2024]

[e1,e2] =0, [e1, &3] = aer + Be, [, €3] = ve1 +0ex, a+6 #0, ay+36=0,
e timelike. (G, g), if not symmetric, admits the following h.s.:

(i) The canonical h.s. TV for oo = —%,B'y #£0. TV is generic.

(i) The canonical hs. TV for B=7=0. TV €5 & S>.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.2 (Riemannian kernel)

Theorem [GC-Zaeim, 2024]

[e1,e2] =0, [e1, &3] = aer + Be, [, €3] = ve1 +0ex, a+6 #0, ay+36=0,
e timelike. (G, g), if not symmetric, admits the following h.s.:

(i) The canonical h.s. TV for oo = —%,B'y #£0. TV is generic.
(i) The canonical hs. TV for B=7=0. TV €5 & S>.
(iii) If a=p =0:
Te=2ke'!@e?Ned -y’ @e' A +ved @et Ae?, keR.

TkeSifk=—yand Ty € S5 if kK = % otherwise T, € S» @ Ss.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.2 (Riemannian kernel)

Theorem [GC-Zaeim, 2024]

[e1,e2] =0, [e1, &3] = aer + Be, [, €3] = ve1 +0ex, a+6 #0, ay+36=0,
e timelike. (G, g), if not symmetric, admits the following h.s.:

(i) The canonical h.s. TV for oo = —%,B'y #£0. TV is generic.
(i) The canonical hs. TV for B=7=0. TV €5 & S>.
(iii) If a=p =0:
Te=2ke'!@e?Ned -y’ @e' A +ved @et Ae?, keR.
TkeSifk=—yand Ty € S5 if kK = % otherwise T, € S» @ Ss.
(iv) If6=~v=0:
Ti=—-Pel@ene*+2ke’> e ned —Be* el Ae®, keR.

Tk eSifk=—Fand Ty € S3if Kk = g otherwise Ty € So P Ss.

G. Calvaruso On the Geometry of Three-dimensional Homogeneous Lorentzian Manifolds



Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.3 (Degenerate kernel)

Theorem [GC-Zaeim, 2024]

[ur, up] =0, [u1, us] = auy + Bug, [uz, uz] = yur + Suz, a+ 6 #0,
(ur, u1) =(up, uz) =1.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.3 (Degenerate kernel)

Theorem [GC-Zaeim, 2024]

[ur, uo] =0, [ur, u3] = aur + Buz, [uz, u3] = yur + duz, a4+ #0,
(ur, 1) =(w, u3)=1. (G, g), if not symmetric, admits the following h.s.:

(i) The canonical homogeneous structure TVeES: S, if v = 0, otherwise it is
generic.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.3 (Degenerate kernel)

Theorem [GC-Zaeim, 2024]

[ur, uo] =0, [ur, u3] = aur + Buz, [uz, u3] = yur + duz, a4+ #0,
(ur, 1) =(w, u3)=1. (G, g), if not symmetric, admits the following h.s.:

(i) The canonical homogeneous structure TVeES: S, if v = 0, otherwise it is

generic.
(i) =22, y#0:
Ty = —%(7—2,‘@)(u1 QUIAB — 1B Qu?A u3) + 2kl @ 2 A WP

2
—*y(u2®u1/\u3—u3®u1/\u2)+%('y—2n)u3®u1/\u3, Kk € R.

Tk € S» when k= —v and T € S3 when k = 7, otherwise T € S> @ Ss.
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Homogeneous structures

3D Lorentzian h.s.: non-unimodular case V.3 (Degenerate kernel)

Theorem [GC-Zaeim, 2024]

[ur, uo] =0, [ur, u3] = aur + Buz, [uz, u3] = yur + duz, a4+ #0,
(ur, 1) =(w, u3)=1. (G, g), if not symmetric, admits the following h.s.:

(i) The canonical homogeneous structure TVeES: S, if v = 0, otherwise it is

generic.
(i) =22, y#0:
Ty = —%(7—2,‘@)(u1 QUIAB — 1B Qu?A u3) + 2kl @ 2 A WP

—*y(u2®u1/\u3—u3®u1/\u2)+:—§('y—2n)u3®u1/\u3, Kk € R.
Tk € S» when k= —v and T € S3 when k = 7, otherwise T € S> @ Ss.
(i) If y=0:
Ti=-2(u'@u NP+ 3@’ Ad) +2kP @ul Aud, kER.
T,eS ifk=0and T, €S, if § =0, otherwise T, € S1 ® S>.
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Homogeneous structures

Consequences

Differently from the Riemannian case, there exist 3D homogeneous Lorentzian
manifolds admitting a h.s. of type Ss3 but none of type S, (in a special case of
unimodular type /).
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Homogeneous structures

Consequences

Differently from the Riemannian case, there exist 3D homogeneous Lorentzian
manifolds admitting a h.s. of type Ss3 but none of type S, (in a special case of
unimodular type /).

In the Lorentzian case, like in the Riemannian one, if there is more than a h.s.,
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Consequences

Differently from the Riemannian case, there exist 3D homogeneous Lorentzian
manifolds admitting a h.s. of type Ss3 but none of type S, (in a special case of
unimodular type /).

In the Lorentzian case, like in the Riemannian one, if there is more than a h.s.,
then they form a one-parameter family.

However, such cases are not characterized by the existence of a naturally
reductive h.s. In fact, there are Lorentzian Lie groups admitting a
one-parameter family of homogeneous structures, none of which is of type Ss.

@ These special cases also admit a h.s. of degenerate type Si, so that they
are singular scale-invariant plane waves.
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And to Eduardo: jFeliz cumpleanos!
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