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@ Context and motivation
© The weighted variational problem

© The vacuum weighted Einstein field equation
o General properties
@ Isotropic and non-isotropic solutions
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Context: Smooth metric measure spaces

Smooth metric measure space

Triple (M, g, h dvolg) where
@ M: smooth manifold

@ g: semi-Riemannian metric. We focus on Lorentzian metrics.
@ dvol,: Riemannian volume element
@ h e C*™(M): positive density function (Vh # 0)
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Context: Smooth metric measure spaces

Smooth metric measure space
Triple (M, g, h dvolg) where
@ M: smooth manifold

@ g: semi-Riemannian metric. We focus on Lorentzian metrics.
@ dvol,: Riemannian volume element
@ h e C*™(M): positive density function (Vh # 0)

@ p: Usual Ricci tensor (pj = R",—kj)

@ Hesp: Hessian tensor of h
Hesn(X,Y) =g(VxVh,Y)
@ Ah: Laplacian of h (Ah = (Hess)")

@ Ric: Ricci operator
. i
(Ric; = g"py)
@ 7: Scalar curvature (7 = p?)
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Motivation: Lorentzian geometry

On a Lorentzian manifold, the Einstein tensor used in General Relativity has the form

-
G=p-38
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On a Lorentzian manifold, the Einstein tensor used in General Relativity has the form

T

To define a weighted analogue of the GR Einstein tensor G for smooth metric measure
spaces.

Characterizing properties of G:
@ Symmetric

@ Concomitant of the metric and its
first two derivatives

@ Divergence-free

@ Linear in the first two derivatives of
the metric

It is the only tensor with these properties.

D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12, (1971), 498-501.
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Motivation: Lorentzian geomet

On a Lorentzian manifold, the Einstein tensor used in General Relativity has the form

T

To define a weighted analogue of the GR Einstein tensor G for smooth metric measure
spaces.

Characterizing properties of G: Variational approach:

@ Symmetric The Einstein tensor is
@ Concomitant of the metric and its Obtained.thro.ugh a variation
first two derivatives of the Einstein-Hilbert
. action:
@ Divergence-free
@ Linear in the first two derivatives of S= / T dvolg
the metric v

It is the only tensor with these properties.

D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12, (1971), 498-501.
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The weighted variational problem

Let (M, g) be a Lorentzian manifold and take the action given by the Einstein-Hilbert
functional with density:

Sh:/Thdvolg
v
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Variational problem:
@ Critical points of this functional under variations

gltl = g + tég, h[t] = h+ tdh

Variations of the metric and its first derivatives vanish at the integration boundary

@ We want to preserve the distinguished measure dV = h dvol;, whose variation is
C/V[t] = h[t]dvo/g[t]
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The variation of the action at critical points reads
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d
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The weighted variational problem

Let (M, g) be a Lorentzian manifold and take the action given by the Einstein-Hilbert
functional with density:

Sh:/Thdvolg
v

Variational problem:
@ Critical points of this functional under variations

gltl = g + tég, h[t] = h+ tdh
Variations of the metric and its first derivatives vanish at the integration boundary

@ We want to preserve the distinguished measure dV = h dvol;, whose variation is
C/V[t] = h[t]dvo/g[t]

dV[t] =0

. .. d
We impose the condition —
dt|,_,

The variation of the action at critical points reads

0Sh = iS;, = / D¢ (dg)hdvoly =0

t=0
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The Einstein tensor

The variation of the action reads
3Sh = / (hp + Ahg — Hesp, dg)dvoly = / (D7g(h),dg)dvolg
M M

where (T, K) = TYKj, vanishing for all §g at critical points.
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The Einstein tensor

The variation of the action reads
3Sh = / (hp + Ahg — Hesp, dg)dvoly = / (D7g(h),dg)dvolg
M M
where (T, K) = TYKj, vanishing for all §g at critical points.

We define the weighted Einstein tensor

‘Gh:hp—l—Ahg—Hesh‘

Properties:
@ Symmetric
@ Concomitant of the metric, the density function and their first two derivatives
@ Linear in the first two derivatives of the metric and the density function

@ Not divergence-free in general: div G" = %hdr
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The Einstein tensor

The variation of the action reads
3Sh = / (hp + Ahg — Hesp, dg)dvoly = / (D7g(h),dg)dvolg
M M
where (T, K) = TYKj, vanishing for all §g at critical points.

We define the weighted Einstein tensor

‘Gh:hp—l—Ahg—Hesh‘

Properties:
@ Symmetric
@ Concomitant of the metric, the density function and their first two derivatives
@ Linear in the first two derivatives of the metric and the density function

@ Not divergence-free in general: div G" = %hdr

Vacuum weighted Einstein field equation

G" = hp+ Ahg — Hes, =0
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The vacuum weighted Einstein field equation

Vacuum weighted Einstein field equation

hp + Ahg — Hes, =0

Taking its trace, we have

ht

Ah:_n—l

= Hesh:h(p—ni1g>

In Riemannian signature, this is the equation of a vacuum static space

7/15



The vacuum weighted Einstein field equation

Vacuum weighted Einstein field equation

hp + Ahg — Hes, =0

Taking its trace, we have

ht
n—1

T
= €S (p n_1g>

In Riemannian signature, this is the equation of a vacuum static space

Second aim

To understand the geometry of solutions to the vacuum weighted Einstein field equation.
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Types of solutions

Depending on the character of Vh, we have different possibilities:
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Types of solutions

Depending on the character of Vh, we have different possibilities:
@ isotropic solutions if g(Vh, Vh) = 0. The level sets of h are degenerate

hypersurfaces.

@ non-isotropic if g(Vh,Vh) # 0. The level sets of h are non-degenerate

hypersurfaces:
o Vh is timelike
e Vh is spacelike

The Jordan form of the Ricci operator also plays a role:

Type la
(%1 0
Ric = ( )
o] an
Type Ib
a b
i ( —b a )
Ric =
{e1,..., en} orthonormal basis

We assume the Jordan form is constant

Type Il
a 0
( E ) )
Ric =

Type llI

a 0 1

0 «@ 0

Ric = 0 1 @

{u,v,e1,...,en_2} pseudo-ortho. basis
(g(u,u) =g(v,v) =0, g(u,v) =1)
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Isotropic solutions

Let (M, g, hdvolg) be an isotropic solution of the vacuum weighted Einstein field
equation. Then Ric is nilpotent and Ah = 0.

The vacuum weighted Einstein equation reduces to | hp = Hesy,
o
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Isotropic solutions

Let (M, g, hdvolg) be an isotropic solution of the vacuum weighted Einstein field
equation. Then Ric is nilpotent and Ah = 0.

The vacuum weighted Einstein equation reduces to J

Let (M, g, hdvolg) be an isotropic solution of the vacuum weighted Einstein field
equation. Then one of the following possibilities holds:

© (M, g) is Ricci-flat and Hesy, = 0
@ The Ricci operator is 2-step nilpotent and (M, g) is a Brinkmann wave

Brinkmann wave: (M, g) with a recurrent lightlike geodesic vector field V
(VxV = a(X)V, for a 1-form «) J
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Isotropic solutions

Let (M, g, hdvolg) be an isotropic solution of the vacuum weighted Einstein field
equation. Then Ric is nilpotent and Ah = 0.

The vacuum weighted Einstein equation reduces to J

Let (M, g, hdvolg) be an isotropic solution of the vacuum weighted Einstein field
equation. Then one of the following possibilities holds:

© (M, g) is Ricci-flat and Hesy, = 0
@ The Ricci operator is 2-step nilpotent and (M, g) is a Brinkmann wave
© The Ricci operator is 3-step nilpotent and (M, g) is a Kundt spacetime

Kundt spacetime: (M, g) with a geodesic lightlike vector field which is
Expansion-free Shear-free Twist-free

0=5ViV'  o?=(VV)ViV)—(n-2)0* = (V'V)VV
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Locally conformally flat solutions

Let (M, g, h) be a locally conformally flat solution.

© I/fg(Vh,Vh) #0 at a point p, then, on a neighborhood of p, (M, g, h) is locally
isometric to a warped product (I x N, dt* & p?g"), where

o N has constant sectional curvature
o h(t) and o(t) satisfy the following system of ODEs:

0 = h/(pl_hgo//’

_ 1z _ o T
0 = h'+(n 1)h<ﬂ A+ E h.

n—1
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Locally conformally flat solutions

Let (M, g, h) be a locally conformally flat solution.

© I/fg(Vh,Vh) #0 at a point p, then, on a neighborhood of p, (M, g, h) is locally
isometric to a warped product (I x N, dt* & p?g"), where

o N has constant sectional curvature
o h(t) and o(t) satisfy the following system of ODEs:

0 = h/@/_hw//,

7 "
0 h" +(n—1)h%-

Q I/fg(Vh,Vh) =0 on an open subset ${ C M, then (8, g|g) is a plane wave with
the metric

g(u,v,x1,...,%xn—2) = 2dvdu + F(v,xa,... 7X,,_z)dv2 + Z dx?,

i=1

where F(v,x1,...,X—2) = (nh’; ) D 2 N 2 bi(v)xi + c(v).
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Looking for more solutions

@ Less restrictive conditions than W =0
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Looking for more solutions

@ Less restrictive conditions than W =0

@ Einstein equation gives information on p ~» We impose divW =divR =0

hes, = h (Ric — ;7 1d)
= Ric(Vh) = MVh, A € C(M)
divR =0

g is positive definite on Vht

Ric is self-adjoint 3 = Ric is diagonalizable (Type la)

Ric(Vh) = M Vh

@ If Vh is spacelike, Ric does not diagonalize in general

@ We focus on 4-dimensional solutions
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Let (M, g, h) be a 4-dimensional solution with div R = 0 (not locally conformally flat).
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@ Ifg(Vh,Vh) =0, then Ric is nilpotent and Vh determines the lightlike
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Let (M, g, h) be a 4-dimensional solution with div R = 0 (not locally conformally flat).
Then, the eigenvalues of Ric are real and one of the following is satisfied:

© Ric diagonalizes on (M, g) and g(Vh,Vh) # 0. Furthermore, there exists an open
dense subset Mric of M such that, for every p € Mgic, (M, g) is isometric on a
neighborhood of p to:

@ A direct product I x M where M = h x¢ N is a 3-dimensional solution with
7 =0 and N a surface of constant Gauss curvature.

@ A direct product N1 x Na of two surfaces of constant Gauss curvature 5 and
K, respectively.

Q (M, g) is a Kundt spacetime and, depending on the causal character of V h, one of
the following applies:

@ I/fg(Vh,Vh) =0, then Ric is nilpotent and V h determines the lightlike
parallel line field. Moreover, if Ric vanishes or is 2-step nilpotent, the
underlying manifold is a pp-wave.

@ Ifg(Vh,Vh)#£0, then Vh is spacelike and the distinguished lightlike vector
field is orthogonal to V h.
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Sketch of the proof (non-isotropic case)

Type la Type Ib

M 0 0 O A 0 0 0
.o x 0 o .o a2 b o
Riec=149 0 x o Ric=1s _p 2 0

0 0 0 X 0 0 0 a

{e1,...,en} orthonormal basis with e; = Vh/|Vh]|
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Sketch of the proof (non-isotropic case)

Type la Type |Ib
A 0 O O A 0 0 O
.10 X 0 O . |0 a b O
Rie=19 0 x o Rie=19 5 2 0
0 0 0 X\ 0 0 0 «

{e1,...,en} orthonormal basis with e; = Vh/|Vh]|

@ Type la: We analyze the geometric structure according to the number of distinct
eigenvalues of Ric

@ A2, A3, A4 cannot be pairwise distinct ~» Multiply warped product

@ Type Ib: Use div R = 0 and the Einstein equations to obtain information on the
eigenvalues, the curvature and the Christoffel symbols

o Polynomial system on 5 variables
@ Show b=0
@ There are solutions with div R # 0
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Non-diagonalizable case with real eigenvalues

@ div R = 0 = Non-diagonalizable case only possible when Vh is spacelike
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Non-diagonalizable case with real eigenvalues

@ div R = 0 = Non-diagonalizable case only possible when Vh is spacelike

The 2 remaining normal forms for Ric:

Type Il Type IlI
3 0 8 8 A0 0 0
«
Ric = .1 0 a 0 1
0 € (6% 0 Ric = 0 0 a 0
00 0 8 00 1 a

{Vh, u,v, e} pseudo-orthonormal basis (g(u, u) = g(v,v) =0, g(u,v) =1)
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Non-diagonalizable case with real eigenvalues

@ div R = 0 = Non-diagonalizable case only possible when Vh is spacelike

The 2 remaining normal forms for Ric:

Type Il Type 1l

A0 00 A0 0 0
0o a0 o0 ’ 0 a 0 1
M=l o c a0 Ric=119 0 a o0

0005 00 1 «a

{Vh, u,v, e} pseudo-orthonormal basis (g(u, u) = g(v,v) =0, g(u,v) =1)

@ Type Il: solutions are Kundt spacetimes with geodesic vector field v.

o We classifed 4D pr-wave solutions.
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Non-diagonalizable case with real eigenvalues

@ div R = 0 = Non-diagonalizable case only possible when Vh is spacelike

The 2 remaining normal forms for Ric:

Type Il Type Il

Ric = Ric =

O O O »
om QO o
o Q oo
o O O »
= QO OO
O or o

0
o
0
0

™D o oo

{Vh, u,v, e} pseudo-orthonormal basis (g(u, u) = g(v,v) =0, g(u,v) =1)

@ Type ll: solutions are Kundt spacetimes with geodesic vector field v.
o We classifed 4D pr-wave solutions.

@ Type llI: solutions are Kundt spacetimes with geodesic vector field u.

14 /15



Thank youl

E

&) & = &

M. Brozos-Vazquez, ——; The vacuum weighted Einstein field equations,
arXiv:2407.18791 [math.DG] (2024).

M. Brozos-Vazquez, ; The vacuum weighted Einstein field equations on
pr-waves, arXiv:2407.10535 [math.DG] (2024).

M. Brozos-Vazquez, : Vacuum Einstein field equations in smooth metric
measure spaces: the isotropic case. Class. Quantum Grav. 39 (13) (2022), 135013.

J. Kim, J. Shin; Four-dimensional static and related critical spaces with harmonic
curvature Pacific J. Math 295 (2) (2018), 429-462.

D. Lovelock; The Einstein tensor and its generalizations. J. Math. Phys. 12 (1971),
498-501.

15/15



	Context and motivation
	The weighted variational problem
	The vacuum weighted Einstein field equation
	General properties
	Isotropic and non-isotropic solutions


