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INTRODUCTION

In the previous paper 17l lve gave a classification
for a'lnlost contact ¡netri c (a. ct, m. ) structures on odd-

dimensiona'l manifolcis. Doing this, some new c'lasses of

a. ct. m. structures have been defined and al I the in-
cl usion relations between old and new classes have been

stabl i shed.

The main point of the present paper is to study

v¡hether the inclusion re'lations in our clasSification are

strict; thÍs is done by the method of constructing ex-

p'l Ícit examp'les. In fact, these examples shor,r the strict-
ness of tire jnclusions for all the cases except two, one

of which is actually an equality and the other remains uso

an open question.

The paperis structured in three paragraphs. 51 and

92 ul. devoted to the framework of semi -cosympl ecti c and

semi-Sasakian structures respectivel-v, and $3 is devotecl

to the remain'ing classes.

.The technique we use to construct each approbriate

example goes as follows: we consider an a'lmost.Hermitian

manifold (M,J,tL) and rnake the pr_oduct of rll with lR or with

an odd-dimensicrnal unit sphere; ihen, d suitable a. ct. m.

structure can be defi ned on the product mani fol d and thi r.

?. ct. nr. structure provides the exampl es, CepenCi ng c:1 -
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the cl ass of the a'lmost Hermi tian structure considered on

/r,l and on the metric on the product manifo'ld. 0f course,

many of the examp'les constructed here belong to the new

classes andn thus, the non triviality of them is demons-

trated. i n partÍ cul ar, vve must emphas i ze the case of the

cal'!ert trans-Sasakian structures; thís c'lass pl ays a

centra'l role in our classification because it contains and,

in a certain sense, separates both cosymplectic and

Sasaki an structures , such as the quasi -Sasaki an cl ass

(gla'ir [1] ) does. Here ure show, by constructing expl icit
examples, that no inclusion re'lation exists between both

trans-Sasakian and quasi-Sasakian str{.¡ctures; actual ly, we

g'ive exampl es of manifolds of each of these c'lasses which

do not be1 ong to the other

Notations and l:erminrriogy in this paper wil I be the

same as those emp'l oyed in [7] , to which we refer f or the

explicit definitions of the different clas.ses of a. ct. rn.

structures here involved. Furthermore, when speaking of
an a. ct. nt. manife'ld, cosymplectic manifold, Sasakian

manifo'ld, etc., t{e shall mean the manifold with the corres-
ponding structure and lcl, lsl, etc. ¡ wi'!'l denote respective-
'ly the c'lass of cosymp1..rr. manifolc.lsr sasakian manifolds,
etc.

I wish to express here my hearty thanks td prof. L.A.

Cordero for his valuable suggestions and gu'idance.
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In th i s secti on lve s hal I be concerned wi th thos

classes of a. ct. m. structures wh'ich can be assembl

under the common denomi nati on of semi -cosympl ecti c

structures; the incl usion relations between themn as

stablished in P], are graph'ica1'ly shown in the fo'11

diagram

1, gEMI-cosYMPLEcrtc srRUcruRES

l¿e I

lncl
\

InKcI | ¿cil | l"cl\1./
lcl

D I AG RAI"I

where the arrows (-*) mean inclusions ( C ),
In order to construct exampl es of man'if ol ds w'ith

semi-cosymp'lectic structures, which make the strictness
of the inc'lusions in Diagram.I clear, we shal'l proceed

as fo'l lows

0V',r ng



Let I,,l be an alnost Hermitian manifold, dim M = Zn,
wi th metri c h, a rmosi compl ex structure J, Ri emanni an

connection ? and Kaehler form F defineci by F(X,y) =

lL(x,l'v), x,y e x(&{), the Lie arqebra of c- vector f ierds
on l/. Irlext, let us consider the product manifold f,fxtR; :

a vector fie'ld on ¡t{xlR wi'l I be denoted by (X,^f,), where

x e x(l/), t. is the coordinate of R and a is a c* functiorr
on MxlR. As i t is wer r known', starting f rom the armost
Hernrit'idn structure (J rlL) on rl,f , an a.. ct. m. structure
can be (efined on MxR by setting

YX,afi) = (Jx,o), E = to,#)¡ rU,^fi) = &t
(1.1)

e((x,"#),U,uf;¡¡. h(x,v) + ab,

and whose f undamental 2-f orm sati sf .ies

o((x, "#),{v,ufr)) = F(x,v)

If v denotes ihe Riemannian connection of the metric
MxfR' the fo'l lowing identities are easily verified:

gon

(o(* *fi¡?) (v,bfi) =

(o (* , o#)r) ( ( r, ,#l ,

((ort )v,o),

Q,c#)) (orrl(v"z¡,

do( (x,o#.),(v,bii),Q,cfi)) = dF(x,v,z),



6o (x,d;*) = 6F (x ) ,

v {x,ort1e = o, v ¡x,o;!)\ = o, dn = o! 6n = o'

for arbjtrar! X,V,7 € x(M), &,b,c- c* functiont on ¡,lxlR

and wher¡ 6 denotes ind'istinctly both the coderjvatives

of (M,h) and of (ll'n,91.

PR0P0SITI0N 1.1. Ut¿

ftl ¡,txR a lC | [o¿ MxlR

l¿il MxlR € | nKC I lo¿ MxiR

l¿iil I'lxR e l¿Cl {o¿ MxlR

(ivl tl{xlR e Iqrc I ,oo MxlR

(v) ¡,{xlRe lacl ¿úó tl

lvil MxR e I /{ I .166 M

lviíl MxlR e l¡cNl ,ió6 M

lviíi) i\{xlRele,sl ¿{6 U

li.xl MxlR a le es I i6lr tr

{x ) t,f xlR e la,acl ¿tt M

(xil ltxlR e la¡cl ió6 M

Funthenmone, lt{xlR do¿ó *oi

hav ¿

I ¿s I I i|l 'll ' í¿ Ka-¿hl¿n.tctn.

I n¿s I I .4ú ll i-¿ ne.anLq Ka¿hL¿nian,

f ats | ) ,¿d d l'Á ia a"Lmo¿t. Ka¿hl-¿nia"n.

I q¿l I I iú[ t'l í¿ Quati-Kae-hl¿nia-n.

ia ¿ emi-Ka-eltL¿nia"n.

it Henmitian.

i¿ H¿nmitian and ¿emi*KaehL¿ttia"n.

i¿ a. Gr-ma.nidoLd,

i¿ a G2-mawi[oI-d..

it. a. ¿¿mi-Ka¿hLen G r-mani$o.Ld,

i¿ a ¿¿mi-Ka.¿hX-¿n G r-ma-ni(ct'Ld,

bzLong .to l¿S I .

l,Je omi t the proof

the definit'ions of the

direct calculations and

to be used.

because it fol I ows directlY from

d'ifferent c'lasses'involved through

in which no sPecial devices have



LeL < denote strict inclusion and tr the empty c'lass.

THf 0REM 1 . ?. ALX. th¿ incX-uaion^ ¿n 0iagnctm T a"ne

¿t'tic.t, and in da.ct, w¿ hav¿¿

(¿1 u < icl < InKCI < l*cl, lcl . locl, lcl < lacÁrl.

l¿¿l Inrcl u l"cl. lqKcl.
(ii.¿l lnrci u lacrt,l < le,acl.
{¡-ul l"cl \r lacrul < la¡cl.
(ul incl u lqrccl v le,acl u laracl . l¡cl.

Pnoa(; First'ly¡ the a. ct. m. structure on the unit

sphere Sr inherited fronr the almost Hermitian st,i ucture

on S6 rvhen considered as a hypersurface lZ) is a nearly

cosymplectic structure t¡hich is not nearly-K-cosympiectic,

and thi s pr-oves lnKC | < l"cl.
in o'r^der to construct exampl es whi ch shot^r the

remainÍnq relations, I et us consider the fol lowing rnani-

fcl ds:

a) tR2fl en.lowe.l ivith the standard Kaehler structure.

b) T{Ai), the total space of tangent bundle of a nonflat

Riernannian manifo'ld 
^J, 

endowed wjth the standard almost

K¿ehler structure [g].
c) s6o s2*R4n i.l,xlR4 (ñl being a nonplanar minimal surface

in lR3) endorved vli th the a'lmost comp'lex structure in-
ciuced from the Cayley numbers [4].

d) M, = s6*{ru,*tR4¡, tÁz = T(N)x(tJi*R4), fi¡ = s6*T(N)*(ñl*fi4)

encloi^rerj vrith the product almost Hermitian structures.



Then, if M is an arbitrary manifold in (a), (t,) ' (c)

or (d), the product manifo'ld MxlR admits an a. ct. m.

structure defined by (f.f¡. Now, taking into account

Proposi'bion 1. 1 and the resu'lts i n f+l , [S] , we obtai n

t) rR2n+1 e lci, 56xtR e lnKcl-lcl, T(ñ)xlR e lacl-lcl,
ñl*lR5 e lac[/l-icl, which completes the proof of l,il .

2) 52*tR5 € lsrcl-(lnlíclvlacl), which proves liil .

3) il,xlR € le ,acl -(lnrclu locf'/l), wh'ich proves (;iii|.
4) rr{rxlR € lGzÁCl-(loClu laCrVl), which proves (iv).

5) Ffrxlft €. l¡cl-(!nclur lqrcl vlGtóclu laracl), which

proves (u).

2, sEMt-SASAKIAN srRUcruRES

The incl usion rel ations between the different c'lasses

of a. ct. m. st¡uctures, wh'ich we assembl e under the

common c.lenomination of semi-Sasakian structures ' are

graph'ica11y shown i n the f o'l1owi ng di agram
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, In order to study the inc'lusions 'in this d jagram,

let us begin by recal'l ing that the unit sphere r2r+1

inherits a Sasakian structure from the standard Kaehi er

structure on tR2r+2 tg]. 0n the other hand, in f-l) vre

have shown that a Sasakian structure i s nearly-K-Sasaki an

and conversely. Moreover, Blair IS],gives a nearly

Sasakian structure on S5 which i s not Sasakian. Therefore,

sl2^.

1
clI

"/
I

jl la

><
',ll .)

lrol,,

t_
tq

rnst\ ix- lnKsl l¿

óslIe,

\
lsl

DIAGRAM II

tr . lsl InKsl

Alio, it is we'l 'l known that

over an a'lmost Kaeh'l er man i f ol d

r¡i¡ i¿n is i'ro Sasakian if the base

. lnsl.

a princ'ipal circle bundle

has a K-contact structure,

i s no Kaehl eri an [6] .



Moreover, the tangent s phere bundl es

lvh0se structure 'is not jn general a

Thus,

9

are contact manifolds

K-contact structure [tOl

lsl . lro lol.

Next, let (l,l,J,tL)

of dimension 2n and let
f o'ld endowed wi'uh an a.

on the product man i fo 1 d

we clefine an a. ct. m.

i
be an almost Hermitian man'ifold

M' be a (2m'+1)-d'imens'ionai mani-

ct. m. structure (?'rE'rn'rgt)i
MxMt, dim MxMt = 2m+1¡ m=n*m',

structure (fr, A,ñ,í) by sett'ing

f,(x,x'

(2.1)
i;..

6(U,x'), ( Y,v')) = h(x,Y)*#s' (x' ,v'),

where (X,X'), (V,y' ) denote arb'itrary vecto.r fields on

lr,{xll' , XrV e x(M), .K' ,V' e l.(rrl'). The f uridam$nta1 2-form 6

of the (8,g,í,A)-structure sat'isfies

6((x,X'),(v,vt)) = r(x,r) * #r'(x',Y'i,

F being the Kaehler form.of (J,rL) and o' the fundame.ntal

2-form of the (?',E':,'tt,gt)-structure. Lel 0rvt,'ü denbte the

Riemannian c0nnections of the metrics [,1, g',6, respective-

1y; then, for x ,v,7 e x(M), xt ,v' ,7' e x(Mt) , ule have

) = (JX,f,x,), í = #to,E,), fi(x,x,) = #n, (x,),
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where 6, 6', 6'¿enote the coderivatives of (rrl,a1, (¡1,,g'),

{MxrU' ,6), respectively. From these identities, a stra jght-

forward calculation leads to

PR0P0SITI0N 2.1,. Let fr rienot.z tle pnocluct ma"rLi6o{.d"

Mx¡tf ' ¿ndawzd with th¿ a. ct. m, a.Ínuctutte. (Frirí,il . The-n

t¿) [í e l¿sl i6l M i¿ EQ.mi.Kct¿hL¿ni-an a"ncl Mt € l¿s l.
l¿il fi r l¡rl 4l tl ,i¿ tíznmit.i.an ancl [trte lill.

t¿i¿l fi e lolsi ¿66 ttí i6 u .Gr-ma-n.i{ctl-d. and tl' e le lsl.-
t¿ul ,í * ie esl ió6 M i.¿ a Gr-mctni{old. c,nd, l,l' e !grtl.

Futtt[r¿ttmth.t, fr, Coe-¿ n.et beI-c,tg tc lr¿¡íS l.
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IfwenowtakeaSa]mostHermitianmanifoldMoneof
the manifo'lds Nr*iR4 , Ml, [42 or lr{r, which have been

considered'in the proof of Theorem 1'2' and as a' ct' m'

manif olc ¡,,1, the sasakian manif olo ,2n'+1', Propositio n 2.L

above al I ows us to check that: !

l'/,xrR4x52nr'+1 € l¿sNl -lSl,

M,*szm'+1 ,= lGlÁsl- las[/1,

Mrxszrn'+1 c le ¡sl-(lolu laslrl),

Mrx52m'+1 e l¿sl-(lnsl' lqKslv le,rslv lo2Ásl )'

Summ'ing uP,

THEoREM2.2.Fonth¿cla"¿d¿Áo(temi-Sa¿a.[¿iandtnuc-

tun¿¿ in Diagna-m I'[ w¿ hav¿:

lil o< lsl - InKSI < lnsl, lsl 'lrol 'lol, lsl < lasill'

("iil lasrul < lo,,ssl.

l¿iil i"lu lastvl < lerrsl.
(ivl lnslu lqrsl r lGlasl u lcrasi' l¿sl'

Prove their|0TE. Remark that thi s theorem does not

strictness of the inclusion l"l c lqfSl, which remains

as an oPen quest'ion.
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3, THE REMAINING cLASSES

Let us consider the fo11ow'ing diagram

lcrsl lq¿sl lezslIX XI
ln.ts I lt'J I lars I

\ /)(
l¿sl lesl

DIAGRAI1 III

In this section n we shal'l be concerned with proving

riot only the strictness of the inclusions in this diagran,

but a'iso ihe strictness of all the possible inclusions of

semi-cosyrnpiectic and semi-sasakian classes in the classes

whi ch. are represented i n i t.
F'irst of a'l I , we can state

sl * l^rl.
ft¿i iQ,ac¡r lGl.rslu Intslulrul <-: lc,si.

lii.¿) iaracl ulcraslvlatslrlrul " lczsl.



13

?noo{¡: G.l. Let us consider the Calafii-Eckmann

manifolds t2lz+1*g2!-+! for b,z > 1; then, from Propositions

1. i and z,!, szt¿+i*s2z+1"tR and szf¿+1x522+1"r2r+1

are nornral a. ct. ni. rnanjfolds which do nct belong to

lacrulu lasllu l¿slu lqsl. ':-

liil and {.1¿il. Let us denote Ii, and M', the manifolds

which are obtained from the manifc'lds,ü, and M, in the

proóf of iheorein i.2 by maki ng a (nontrivi al ) conformal

chanqe of the metric. Then, tak'ing int0 acc<¡unt Theorem

5,2 in iS] , which cjassi'Fies ihe almost Herm'it'ian

siructure of ü, and, 1,12, and "by us i ng the resul ts i n

Proposition 1.1, it easily i"ollovrs:

' il,xlR e lo,sl - (lc,aclv ie,.rsivlnfslvlil[),
rtr.xt?. e lezsl - (ic,rcir-r le,,sslu la.fslul¡Jl).

Now, let I'f .be a Zn'dirren:-.ional matlifold tlith alrnost

Hermitian structure (-I,fr); c,n the prociuct manifold r'lxlR

we consider again the (?,l"n,g)-structure defined by {1.1).

A con.fo.rmal charrge of this a. ct, nt. structure on lt'fxlR

can be def i ned by sett i nq

(3.1) ?o = t, Eo = e-r6, no = ern, go = u2'g,

lvhere'r denotes lhe canonical proiection Á'fxR---¡lR. Then,

dr = rl and ihe fundamentel 2-form 0" of the (t"rEor0o,go)-
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structure on l/xR is given by

o-
oo = etto.

Let V, 6 (V",6o ) denote the Riemannian connection and

the coderivat.ive of I (g"), f = (x,a#), T = {v,nfr),
7 = (2,cfi) arbitrary vector fields on ¡¡xRi the¡,

lv'yf )T = (vy?)V ^ n(D?(X) - g(l-,PT)e,

t-(v't'")(V,T) = e''{(vXo)(7,27 - n(7)o(X,Z) + o(tr,I)n(Z)},

doo = 
"2'r 

(2uo + do),

,5oOo = 60,

voXEo r e-t(x'- n(x)E),

(V"¡n")Í = erg(f T,?Y),

dno = o,

6ono = ^Zne-T.

In the sequel ¡ ¡,{xlR denotes this product manifold w'ith the

a. ct. n. structure (?,E,n,g) and (M*R)" denotes the same

man'ifold with the a. ct. m. structure (?o,E",to,go).

Fronr 'uhe identities above, a straightforward

cal cul ation I eads to
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tte strictness of the'inc'lus'ions between the

remaining classes of a. ct. m. manifo'lds'is nov{ an easy

consequence of Proposition 3.2. In fact, we can state

PR0P0SiTI0N 3.2. Suppoa¿ lrfxR e l¿Cl. Tho-n (MxR)'

do¿¿ nat. bz|ong to laC I u los I , a-nd motL¿ov¿)L

(¿l (MxrR) " 6 l¿s I iú{ fr,lxlR € lc I .

li¿l {MxtR)" e lntsl ¿ó6 MxiR e InKCl.

l¿iil (l,lxlR)'e lalsl ilú rr{4Re locl. 
r\

(ivl (MxiR)' e lq¿sl il(, ¡lxiR e lqrcl.

THEORETI 3.3. (¿l lclu lsl ..1¿Sl.

l¿¿l InKcl u l¿sl . lnlsl.
(¿¿¿l lacl v lcl v lzsl < lafsl.
(ivl lqrcl u lqKsl u Infsl v lalsl < lq¿sl.

Pttoo(: Let .us consider the manifo'l¿5 ¡q2n+1 , S6*lR,

'I(l.f)xlR and S2*R5 endowed with their a. ct. m. structures

as defined in 5i. Then

1R2n+1," e l¿sl - (lclu lsl),
(s6xtR)' e !ntsl -(lnKclultsl),

(T(^r)xrR)o€ la¿sl - ( locl v l"¡ v lrsl ),

(s2,,tR51' . lq¿sl - (lqKclv lqrslv InlSlv latsl).
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Rtf.lARK 1. In ?1 r,te have i ntroduced the a'lmost-K-

contact structures ( lafcl ) as those (?,E,n,g)-structures

which verify OEf = 0 and proved the inclusjon

l,Vlu lctrcClv lqKsl q la.Kclt actuatty this inctusion is
also strict. To prove this, note that all the product

manifolds Mx[R, MxM' and (i.lxtR)", as considered,'in S1, gz

anci 53, respectiveiy, belong to the class lal<cl, but

in fact, MrxlR, iÁrrszr*l , 1s2*R5¡' do not belong to

l¡rlu lqrclv lqKsl.

REMARK 2. In lll we have studied some relations
between the c'lasses of trans-Sasakian and quasi-sasakian

structures. As it is known, both c'lasses contain those

of cosympiectic and Sasakian rrrr.tures, that is

iclu lsi s lxsln lqsl. However, l¿sl and lesl are not

related by inclusion. For instance, if (M,Jrlx) is a

Kaehler man'ifold and (?',8' ,t1' ,g') is a Sasakian structure

on il,f 
tn then the a. ct. m. structure (F,6,n,g) def ined on

Mxlt{'by (2.1) is quasi-sasakian but not trans-Sasakian.

Converse'ly, 'let (P,E,n,g) be the a. ct. m. structure on

,o2n+L = lR2nxlR def i ned by (1.1) f rom the standard Kaehl er

structure on lRZ'; if we make the conformal change given

by (¡.i), the a. ct. m. structure (?.",6orto,go) on lR2n+1

is trans-sasakian but not quasi-Sasakian.
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