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I NTRODUCTI ON

A (2n+r)-¿imens.ional differentiable manifold i,l of
o

cl ass C* j s sa i d to have an al most contact s'ul"ucture (J. t¡.

6rat lO]l if the st.ructural group of its tangent bundle

reduces io u(n)x1; equivalently (S. Sasaki and Y. Hatake-

yama 
. [g,g] ), an almost contact structure' is given by a

tr.iple (?,E,n) (aiso cal'led (?,6rn)-siruciure) satisf.ving

certain condi'tions. Many different types of a'imost contAct

,structures are clefined in the literature (normalo Sasakian'

cosymplectic, nearly Sasakian, nearly cosymplectic' quasi-

sasakiano .eic. o l'-r,z] ).

If M has an ql most contact structure r on 'üxR there

exists a.:canocally associated almost compleX structure' The

purpose of this paper is to give a classificatjcn, which

cont.airn Tashiro's .[11,12], of the different types of almost

contact struc-uures on a mani f oi d ll through the t-vpes

the asssciated a'lmost complex structures on MxtR, by using

Gray-Her vella ls class'if ication of almost Herm'it jan man j-

f ol ds isl. l

i def init'ionsIn 51. v¡e g'ive, f i rst of al I ' the basic

and some results from t.he theory of almost contact struc-

iures. Next, we consider the product met.i c ¡ on M^R Of A

R.iemannian netric a on a manifo.ld M with a [9,5,n)-stt uc-

ture and the Eucl 'idean meiric on lR ' and we cons i der a cer-

tain Riemann.ian metric ho confffially related to. h. lle give



some formulas for the later use. In 92, we define and

characteri ze the a'l most contact metri c structures through

the almost Hérmitian manifolds [li'iRr¡11 and (.M'R, [r"); those

obtained from h general ize cosymPlectic structures and

those obtained fron ho geIeral'ize Sasakiqn structures;

f urthermore, there appears a new c'lass of alrnost contact

structures which contains, and in a certain sense separ"ates,

both cosyrnpl ecti c and Sasaki an and that we cal l. trans*

Sasaki an structui"es. In 53 we rel ate th.e dif f erent types

of almost contact metrjc structüres, we compare quasi -

Sasaki an and trans-Sasaki an structures and i I I ustl"ate the

inciusion relations with a diagrarn. Ftnaiiy, the case n'= 1

is considered

, I wis'h to express my hearty thanks to Professor L.A.

Cordero for his kind guidance to ttris subject and hts

constanr encouragement.

1, REVIET^r 0F DEFINITToNS AND NEEDED RESULTS

A (2n+1)-dimensional real differentiab'le manifo'ld il

of cl ass c- i s said to have a (P, Ernl'¿ttr-u¿tunz or an aL-

mo¿t ccnt'a'et ¿tttuc'tune jf it admits a fie'lci ? of endomor-

phisms of the tangent spaces, a vector field E, and a l'-

form n satisfyng

(1.i)

a.2J

n(E) = 1,

?2 = - I + n@8,
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where I Cenotes the jdentity transformation lg] . Then ?t = 0

and r¡o? . = 0; moreover, the endomorphism F has rank 2n l1l.
Denote by X(U) ttre Lie algebra of C*-vQctor fields on

M. If a manifold M with a (?,Ern)-structure adr0its q Rie-

mannian metric g such that

'(i.á) sftX,?v) = s(x,Y) - n(x)n(Y),

where X,V e x(u), then M is said to have a (F,f ,n,9)-at'nuc-

tuttz .or an aLmo¿t contaet m¿tnic ¿tnuetune and g is called

a eompa"ÍibL¿ n¿tnic tg] . An immedi ate consequence i s n(X) =

g(X,t). A manifold with a (f,E,n)-structure admits a com-

pat'ib1e metri c g t8] . The 2-f orm o on M def ined by

(1.4) o(x,Y) = g(x,?v)

I

ís called the dundamentaL 2-{otm of the a]most contact me'

trÍ C structure.

If v is the Riemannian connection cf g, it is easy to

prove

(1.5) (vrn)V = s(Y1vxE),.

and hence vXE = 0 if and only if v¡n = 0;

(1.6). (vxt)(/,2) = s(v,(vt?)z) = -e((v¡?)Y,7)'

(1.7) (vxo) (t/,?7.)-(vxoXfv,z¡ = n(}/)(v¡n)z+n(z)(v¡n)Y'

(1.8) (vxo) (v,z)+(v*o) (?v,?2.) = q(z) (vxn)?/-n(!')(vxTr)!'z'

tl.e) [v*n)r = [vxo)(t,?Y),

(1.10) (v¡n)?}/ 
.= 

(Y*t)(Y,E)'



The exterior derivatives of n and Q are given by

(1.11) z¿nix,v¡ = (v^úV - (v,rn)X,\ '4"

(7,12) s¿o (x,y ,z) = 6 ( vro ¡ (y ,z) ,

where Gi denotes the cycl i c sum over X ,V,Z € X(M). if
{X¿'7x¿,Ei ¿=1,...,n} is a local orthonormal basis, def ined
en an open subset of M, the coderivatives of n and o are
comput e d

(i.13) on =-f{(vvn)x
i=l n¿ i'*(vPx¿'t)ctx¿t '

' Let itl be a manifold wÍth an armost contact structure
(tr5,n) .and consider the manifold,'"1*tR. l^Je denote a vec-
tor fielc on ¡¡xlR by (x,ú#), where X 6 ¡(u), ris the coor-
dinate of rR and a is a c- functÍon on M'R. s. sasaki and y.

Hatakeya:na [9] def i ne an almost compJ ex structure J on rüxR gy

(1.15) J{ r,^*l = (?,( - a{,n U)*)

and they prove that J is integrabre if and on'ry if

(i.re¡ [?,1o] + zdno6 = o,

where [t,t] is the Nijenhuis torsion of t. An a'lmost con-
tact srructure is said to be no'mat- if -l is integrabre.

Different kinds of almost contact metric structures
have been defined. A (?,E,rl,g)-structur.e is sa.id to be

eodympÍ-eeiie [1,2] if it is n0rmal lv"ith o and ¡ closed,
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nQ.o.,LLU co^AvnpI-ect¿c [2] jf (vrt)y + (VU?)X = 0, neanly

sata"t¿ian [2i if (vr?)v+ (vut)x = 2s(x,}/)E-n(x)v-n(v)x'

quad .-Sa",sai¿io.n [1] if jt is normal r¿ith do = 0. An.a'lmost

contact metric structure with @ = dn is called a conta-ct

metnic át,LuctutLz lZ,Af; a contact metric structure such

that E is a Killing vector field with respect to g is said

to be a ñ-contact ¿tttuctunz lZ,ll. If a contact metric

structure is normal, it is called a Sa.¡ablan atnuctun¿ 1,2).

.}{e sha'll denote by lil[, lcl, Incl, !rtl, lcsl, lsl,
lf(cl and lol ihe classes of normal, cosymplectic, nearly

cosymplectic, near'ly Sasakianr QUdsj-Sasakian, Sasakian,

K-ccntact and contaci meiric structures ' respeCtivel-v.

Nolv, if g is,a R'iemannian metric on the mánjfold M

with a (?, E, n)-struc'uure, we def ine a Riemannian metric

on MrR by

(1.17) h(U,e#),U,b#)) = s(x,Y) + ab

and another bY

(1.is) t' ,?o h,

where o:ll{xR --+ lR f s def ined by o(x,l) = t f or a:ll

(x,f ) e ll*R. Then, the identi ty of M"lP, i s a conf ormal di -

ffeomorphism beiween ihe Riemannian manifolds (l,l^tR'h) and

(MrR., h') .

LEMMA 1. L. Th¿ doLL-owing epnditipttd atte oquivaLznt:

(¿l g iá a eompatibÍ.Q. metníc with .th¿ (?,E,nl-¿t'nuctutte'

.liil h ia a H¿tmitia.n metníe on (el{lR,J}.

(iíil ho ts a Hezmít.ían metnie ttn (r{"rR,Jl
I

,!

i
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Pnoo[: hle have

h(J(x,^*),J(v,b#)) = s(?x,cw) + n(x)n(v) + ab.

'The equivalences fol'low from (1.3)r(1.17) and (1.18).

l-lereaf ter, we suppose that ihe equival ent conditíons

of Lemma 1.1 are satisfied.

1'he Kaehler form F of (rü'lR,J'h) is given by

FtU,cL#),(v,b;*) ) = h{(x,"fi1 ,J(v,bh)).

Hence !

(1.1e) F¡¡x,afi),1/,b#)) = o(x,v) 'bn(x) + on(v),

and for the Kaehler forn Fo of (M"lR'Jrhojo we have

(1.20) r" ¡¡x,afi),U,b#)) = "2o{o(x,r)-bn(x)+an(v)}.

I¡ (xo,f ' } e r\,fxlR' we consider iniections ¿:M --+ M¡lR

and j:R ---> M*lR defined by i(x) = (x,í^) qnd iG7 = (xo,l);
I s, i s a c- f unction on ur.n, X(a.i) and 

q

if X s x(M) and s is a c- funr

frto"i) w'il'l be simply denoted x(a) ana fr.
Let V, D and D" be the Riemann'ian connections of

(,r¡,s), (M,.lR,h) and (M*R,ho), respecti'¡ely.

PR0P05ITI0N L;2. tzt x, V s x (M), a,b C* dunetiant on

MxR. T I'ten,
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Plood: (1.21) fo'ilows from (r,L7) and from the following
formula:

|tL(D (x,ofi)u,bii) ,12,cfi)) =

¡x, afr) (Ír{{y,r#1, e, c#))) + (v,o#)( h(x, o#), e,c#)t)

- {2,"$l t rr((x,o*), t,v,afi))) + a( [(x,o#),qv,afrD, e,e#))

+ itltz,o#),¡x,afi)] ,(v, tf,ll + rt({x,o#),[(2, 
"#),(y,b#)1).

(i.22j is obtained from the analogous formüla for Do or from

[i-2i) and ihe formula express'ing the Riemannian connection
Do i n te'rms of D [3] .

PROPOSITION i.3. Let N , { e x{Ml, a,b C* gunetiona

on fi"fR . Then

(1.2-?) (D {x,a+)J)(v,a#) = ((v*?)rr - bv¡t,(v*n) r#),.d,it 
^ A -

{1.24) (D 7x,of,lr) (v,afr) =

( (v*r) v+n(v)x-g ( x,y)E-b?x-bv 
xE, {-o (x, r)+ ( v rilvlfr) .

zttoc]"¡ (1.23) fo't 'lows from (1.1S) and (1.21); (1.24)

fol I cws from tl.4 ) , (1. I b ) and Lt.ZZ) .

PROP0SITI0N 1.4. I-ef X,v,Z€-x(,tt¡, a.,b,c co {unci-iona
o n rtlxlR . T'ne-tt t
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(1.25) (DU,ofilF)((y,ohl .e,ch)) =

(vro¡ (v,z) - c(v*n)r + b(v*n)2,

(1.26) (D'cx,ofulr')(( v,afr),G,ch)) = .to{(vxo)(v,z) +

n ( Z ) g (x,v)-n ( v ) g (x,z) +co (x, v ) - 6o (x,z)-c (vrn ) v+b ( v*n ) z 1

Pnood: (1.25) follows from (1.5), (1.6), (t,tZ),: (1.23) and

from formul a

. (D(*,o*)r) ( (v,o*1,12,cfr)) = h(tv,b#), (D1x, oh)t) lz,cfr)).

In a similar way, rep'lacing D, fr and F by D", llo and Fo ,

respecti,¡ely, in the formula above, and using (1.18) and

(7.24) we obtain (1.26).

PROP0SITI0N 1.5. Let X,y.,7. € Xf MI, 6",b,c C- $unetiona

on ¡UtlR. Then,

(1..27) 3c¿F ((x,e#),ry,b#),Q,c#)) =

3d9(X,V,7) - 2f,¿d\ (X,v)+adrl( V,7)+6¿n(Z,X) ] ¡

2c{O(X, f )-dn(X,v) }+2bto(Z,X) -dn(Z,X) }+ ?a.{a (v,z)-dn(t"z ¡ I 1.

Pnood: (1 .?7)follows rr:J (1.12). (1.2s) and from

formul a
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3dr((x ,o#),U,bitr),12,cfi)) = G (D[*, o#)r) ((v, o#l ,(z,c*)).

Simi'lar1y, (1.28) follows from (1.12), (I.26) and from the

formula above replacing F and D by Fo and Do, respectively.

[*le denote by 6, 6'and 6-" the coderiuutive operators of

(Mrg), (,t{'tR,h) and (/,,{'lR,ho), respectiveiy.

'PROPOSITION 1.6. Lef X e ¡(Ml and. & a- C* dunetion on

M'lR. Then,

,t1.2e) 6-F(x,o*) = do(X) - adn,

tl. 30 ) To Fo {x," *1 = 60 (x ) - Znn(xi - adn.
'!

Pnood: l^le consider a iocal orthonormal basis

{xlr...,,{,0,?,(L'...,?xnrE} defined on an open subset u of ¡ü.

Then, {(xt,0),..., (Xn,0),(?x1,0),. ..,{?X*,0),(6,0), rc,h)}

is an orihonorma'l f rame f i el d wi th respect to lt on the

open tlxlR of llxiR. The coderi úa^,i ve of F Í s gi ven by

6-Fix ,"h) =

n t

-rlr{ (0,*r,0)F)( (X¿,0)' (.t ,ofrl )+(D (tX¿,0)r)( (?xr,0), (x 'ofr))t

- (o(8,0)F)((E,0),(x,oh)) - (o(0,#)r)((0,fr),(x,a*))'

By (1.-13), (1:14) and (.1.25) we obtrin [1.29). Similarly,

we prove ( 1. 30) , usi ng ( 1. 26 ) and the fact that
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{e-o{xr,0),. ..,e o (xn,o),e-oFxr,0),...,8-o (?xn,o),

e-o(6,0),e-ofo,h)) is an orthonormal frame field with

respect to ho on UxlR.

. 2, NEi^l TypES oF ALMosr coNTAcr STRUCTURES

The classification of A. Gray and 1.f4. Hervella lS] of

almost Hermitian manifolds has been accompl'i shed by means

of a representation of the unitary gr0up on a certain space

W, which can be interpreted as the space of tensors ivhich

satisfy the same identitjes as the covariant derivative of

the Kaehler form on an almost Herm'itian rnanifo'ld. This re-
presentation has four'írreducible componenis, W=$11@rJr&Lt)2e,tü4t

drld ii is possible to form sixteen different invariant
subspaces from these four and each o-ne of them corresponds

to a different class of almost Hermitian manifolds. So,

Nt corresponds to the class of nearly Kaehler manifolds,
WZ to that of a'lmost Kaehleiian, (irs.W2 to that of quasi-Kaeh-

lerian, Wra(t)ra(r), to that of semi-Kaehierian , (t)reu)n to that
of Hermitian, lrfs[r/jsfi/4 to that of Gl]*lnifojds, WZerWSsUt4

to that oi Gr-manifo'lds and W4 to a class rvhich contains

local'ly conf orma'l Kaehler manif olds. Furthermore! in l5l it
is proved that every class conta'in'ing fi¿ is preserved under

a conformal di ffeomorphi sm
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Let /t{ be a manifold with an almost contact metric

structure (Q , E,n, g ) . Then , by Lemma 1. 1, we may cons i der

the a'lmost Hermitian manjfolds (M,rlR,J,h) and (M"lR,J,ho),

The manifold (M*lR,J,h) is Hermitian {wUer/ n) if J is

integrable; a useful alternate characterization of Hermit'ian

nanifolds is given by the condition (cf. [3] )

(2.1) (o(*, o#)t)(v,b#) - (D
J

r u,a#\r ) (r (v , ufr) ) = o.

coitdifiott¿ anz zquív aL-¿nl:

¿tn-uctutt¿ l?, E,n, gl i¿ nottma"L,{it
tiil

ILLLI

l,tv ¡

(u I

THE0REM 2.L. The dat-Lowing

Th¿ a.Lmoat eontaet m¿tnic

(fl,<lR,J,ltl i¿ Hz¡tmitia-n.

(M"lR, J,lto | í¿ He.nmitía-n.

[t,r] + Zdn&E = 0.

{vx?lv - (vex?l?v + n(9lvg*E = 0 .{ott x,/ e x(ia}.

{v¿l (vxo} lv,zl - {v?xo I (?v,zl-n(vl lv7*ni7 = 0 don x,y,z e x tM}.

Pnood: (.,1-l

normal structure; (¿¿l

mitian manifolds is preserved under a conformal diffe0mor-

ph'ism . lil
(1.6). t.le sha:ll prove l,iíl (v). By (1.23), (2.1) is

separated i nto the equations

(a)

(bl

{c}
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(d) (vr?)?v - n(Y)vE€ = o,

tel [vr?)e = o,

(dl (vrn)?v = o.

AlI these equations can be deduced from (al .In fact,
setting X=E in lal we obtain Oq? = 0; thus we obtain ldj,
(¿l and (d). Setting V=E in (a) we deduce (c). Finally,
(b) 'is obtained from (¿) using (1.6), (1.9) and (i.10).

The manif old (MriR,J,h) (resp. (MxlR,J,ho)) is almost

Kaehlerian {W) if dF = fl (resp. dF'= 0). By Propos'ition

1..5' h'e have

TH E0REi'l 2.2. {¿} ([í¡lR ,J, h ) i¿ aLmo¿t Ka¿hLenia"n i{
and on!-q id dq = 0 end dn = 0.

(¿¿l {M.R,l,¡Lo) i¿ aLntoat Kctehlenio"n id and. on,(.U id

l?,E,nrgl i¿ a" conta-ct mztttic atn.uctune..

The manifold (t,t,.n,J,/r.)-'is Kaehlerian if

(2'2) (o(^, 
^#,1')U,b#) 

= Q'

THE0REl"l 2.3. The doLLowing eond.itictn,s a,Le ec¡uivaLent':

t¿l The. d..(.mo¿t contact metníc .tfttuetune l?, €, n, g ! "i¡ e0-

a gmpLecliQ.

(i¿l (fixlR,J,ñ) i¿ Kaeh|¿nia.n.

li¿¿l vxt= 0 {on X€x[MI.
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Pnoo $; (il

and 2.2 and from the fact that a mani fol d i s Kaehl eri an

if and only if it is almost Kaehlerian. and Herm'itian.

t,i¿l

Simil ar1y, us'ing (f . Z+1, we obtain

THEOREI4 2.4. The. {olLowing eondíticna atte equivaL¿r,tt

(¿l The a-Lmoat canf.a"ct mef.nic ttnuctune (?,E,nrgl ia Sa'¿al¿ian.

t¿¿l ¡M*R,f , h' ) ía Ka.ehl¿nian,'

t,¿iil (vr?)}l = g(x,y)E - n(v)x {on x,f e x(Ml.

(vxt){y,?) = -10."\)'?(¿) + 2t/<'7't ?rtü

' DE.FINiTI0N ?.5. An aLma¿t eontact me-tttie EftLuctutLL

l?,€,n,gl i¿ ca.L!.ed a-Lmott-coaqmpLectie id (Mxfi,J'fr) ía 6X-moaf

Ka.eh!-¿nian.

14e sha'll denote by loC I the c'lass of almoSt-cosympl ec-

tic structures.

The manifold (ful*lR,J,h) is nearly Kaehlerian (úuf ) if

J .t(2.3) (D( x,ofilr)(v,b#) + (D( v,b#\r)(x,afr) - 0.

DEFINITICN 2.6. An aLmo¿t eonlaet m¿tnie ¿tttuetut,¿

19, E,t1, gl i¿ ca/-.Ld-d nea-t|q-K-eo¿qmpLeetic I nKCl ltt¿¿p'

neant-t¡-K-S,taakia.n I r¡Ks | ) 
.¿¡ (¡,{^lR,J,ir) lneap. (¡'t"tR,J,tlo )l

i¿ nza'zl-q Ka-elt!-en.tan.
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THE0REM 2.7 . l¿) (?, t, n,9 ) i¿ n¿attLq-K- coa qmpLectic

il and onLLJ id

,' (2.4) {vx?)v + (vn?)x = 0;

(2 .5) vx€ -- o ,

$xil [)): o

don aLL X,Y e X (Ml .

líil (?,E,n,gl ia nza.nlq-K-Sada|ian i( and onLq id

(2.6) (vr?),t + (vny)x = Zg(x,y)€ - n(x)y - n(/)x,

(2.17 v,,t = -?x,
^

don c,.Lt- X,Y e X (l,f I .

FunÍ.henmone,.t6 Q.4) lneap. (Z.O)l ¿¿ ¿a.ti¿died., t.tte

cond.ition (Z.S) lnup. {Z.l)l ¿¿ equiva|ent t.o

(2.8) oEf = Q. 
:

Pnoo(r (il Proposition 1.3 imp'l ies that the equation (2.3) o

is separated into

(v*Flr + úr?)x = 0; vxE = 0, (vrn)1, + (vnn)x = 0.

Since V*t = fl inrplies VXn = 0, the third equat.ion fol'lows
from the second. Setting V=E in (2.4) we see that (Z.S) is
equ'ival ent to (Z.e )

(¿¿l Simi I arly, [MxR, J ,ho.) i s nearly Kaehl erian i f and

only if

(vx?) v+ ( vn?).{+n (x ) ytn ( v) x-?e(X, /) €=0, v*€+Fx=0, 1 v*n ) lz+ ( vnn ) x= 0.

By (1.4) and (i.5), the seiond equation implies
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(2.9) (vrn)l = a(x'Y)

and hence we obtain the th'ird. Settinq Y=E in (2'6) ¡¡e see

that (?.7) is equivalent to [2'B)-'

The manifold (¡\,{xlR ,J,h) is quasi-Kaeh'lerian (ft'foü/z) if

DEFiNITI0N2.B.Ana"Lmo,5teontactmetnieótnuctun¿

(?, t,n,g ) í¿ ca-Ll¿d qua'si-K-eo¿qmpLect'ic lc¿Kcl lnzan'

quaai-K-sa¿ al¿ia"n I ars I I id ft*tR rJ, h) lnadp. (ll"lR,i,lL" ) |

i¿ quaai-Ka¿lt!-enian,

THE0REI4 2.g. ('Ll L?,E,n,gl ia quaai-K-eoaqmplzct'ic

(2.10) (D qx,afr)r)(v,rfi) * (D-r.i*, *#lt)(r(v,bir)) = 0'

i6 and onla i{ K*+¡rr,?) +t0q¿XW,l)*l¿oKr*1)t= o

{2.11) (vx?)Y +.(vpxf)PY = n(Y)v?xc

(on a.LL X,V € xtll).
(iil (?,E,n,gl i¿ quati-K'saaabian i{ and onLg i{

(2.12) (v*?)l'+ (vg*?)Pv = ls(x,v)E + n(r)v¡rE - Tn(V)x

pnoo ': r¡te shall p}"ove (¿}, By Propos'it'ion 1.3, l.2'10)

i s separated i nto the equati ons

lal (vx?)t t (v?x?)rtz - n[Yivt'x'i = o'

tfi) (Vxn)Y + (v.r*n)tY = o'
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i6

{c) v*6 + (vgr?)6 = o,

(dl -(vr?)?v + nLv)vEE = o,

(¿i [v,?)E = o,
q

(dl (vrn)?v =0,

where a'11 of these equations fol low from the first. In fact,
setting X=E in (al we obtain (¿l and hence VgE = 0. Therefore,

r{e ha.ve ldl and {d). Setting Y=E in lal we obtaf n (cl. {b}

fcllows from lcl using (1.6), (1.9) and (1.10). (iil is

proved in a simiiar way.

The manÍf old {M'lR,J¡h) (resp. (rtlxfR,J,h")) is semi-Kaeh-

lerian (tlrellrortJrl if 6-F = 0 (resp. 5''Fo ='0).

DEFINITi0N 2.10. An almo¿i- eontaet metnic atnuctunl

(?, E,n,9l it ea!-Lzd ¿¿mi-codgmpLzetíe l^cl (ne¡p. dsmí-s6"aa-

t¿ía"n !as I I il (ittrtR 'J, h) (noap. (MxR ,J ,lL')l í¿ ¿¿mi-Kaeltt ¿¡"ia,vt.

B-v Proposition 1.6, we have

TttE0RElVl 2.77. Li-I l?,E,n,gl id ¿emi-eoaqmpLecÍic í( a.nd

onlq i(

(2.i3) 6o = 0, 6n - 0.

l¿il (?,t,n,g) i¿ ¿znti-Sa-¿.afuian id and onLy id

(2.14) n = *u..
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¿ó

An aimost Hermitian manifo'ld is a ftir-manifold if it js

semi-Kaeh'lerian and Hermitian.

DEFINITI0N 2.72. An a-Lmo¿t conÍaet m¿Ínic ttnuetun¿

l?,E,n,g) i.¿ ca|Le.d ¿zmi-cotr¡mplectie nonmaL laCr'r I lnetp'

¿¿mi-Sa¿a[¿ia.w noftma.L laSlrf I I ió (MxlR,J,h) (neap. (M*lR ,J,l'Lo )l

i¿ a- W U-manidold.

.By Theorems 2.J' and 2.11, we have

THEOREM 2.

and onLy i{

60 6n

' l¿¡l (P, t,
1

n -= 2;60 '

13. (il (?,E,n,gl i¿ ¿emi-cotqmpLeetic nanmal

since the c'lass N¿ of a'lmost Hermitian manifolds'is

pres:rve(i under a conformal_diffeomorphism, (li,lxlR rJ,ho) 'ts

a frJr-manjfo'ld if and only'if (t'{'iR,Jrh) js a OO-manifolci'

and thj s i s equival ent to (cf. lS] I

-*t 
^ 

( u, e#), u, b#)) ¡-F ( z, "#)- tu ( ( x, o*), 12, cfr) ) ¡^F ( v'

{úx{2)r\fr t) - (üqx'hip\,i} - lrYl{'t*"T)?: o

= o, l(vx?)Y - (v?x?)?Y + n(Y)véxE = o.

\,gl .t¿ ¿emí-Seaat¿ta.n nanma-t- i{ and onÍ-g i$

(v*?)rr - (v..xt)?Y + ¡(/)vp¡6 = o.

-d-rdtt

- h ( (x, o#), r (v,o$l I or ( J (2,"$l)o tu ( ( x, oh), t 12, cft))6'F ( J ( v' bit) )) :

No'ue that dim(l'{*R¡ = 2n+2, { tor,.\tJ ,o,.,$,**},Ít,*" \t"{ j
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6tnuctun¿

,J ,h) i¿. a.

r ft -A Ri ?r¡ (\$ú
i{ and ctnlq i(

,?z)n(v)6n]

DEFINITION 2.!4,

l? , E,\ t gl i¿ ca-X-Le.d t
W U-mani(o{d,.

n,(f*sttr,9:- *{twtr1
li THE0REM 2.15. t?

YTr.16) (vxo) {v,z)
ft-
L 

-#rn u.,v)oo(z)-g(x

{az aLL X,Y,Z e X {/ul} .

An almo¿t cont.act m¿tnic

nana - Saa al¿ian I ¿s I il ( MxíR

{r} " Ak*}¿ {\rJSi¡+¿rrbr}1e r
, E, T1 , g I i¿ t nan¿ - Sa.a al¿ían

=

, z ) 6o (Y)+g (x,?Y)n (z ) 6n-g (X

a^{,{ (f*r66¡:o

using (1.15), (1.17), (L.25) and (r.zg), the

is separated into

pno,t d; By

equation (2. i5)

lo-l (vxo ) (v ,z) - 1..- -ztl s (x,V)60 ( z ) - s (x,z ) 6o ( v) - s (x,?y )60 (FZ )

(bl (vxn) v = -*rn(x,v)on-g( x,?v)60(E)+n(x)60(py)-n(x)n(y)dnl

{c} - n(Y)oo(Fzi + n(Z)60(?v) = o,

(dl - 6ó(Y) + n(l¡),50(E) =.0.

Setting 7=E in (c) we obtain 60(?y) = 0, and hence, by (1.2)

tve have oo(y) = 6@(-?'v)+60(n(y)€) = n(y)60(6); therefore

{cl implies (dl . Conversely, r€placing V by ?V in {cl}, we

obtain 6o(Fy) = 0 and (c) becomes an identity. Hence, ihe

conditions (c), (c¿l and 6O(Fy)'= 0 are mutual'ly equivai ent.

Therefone, the system of equations (a)-{d} is equivalent to
'the system of equati ons

t

'l

J

$

il
rl

i{
'll

l¡
,T

{
i

J

1



¡\*af* ü u5 eatl tu [vl¡].''e td'if [s't) q,,*I (c') ;*ft] {'e.lB.,

6*,,u'rt{},F*¿t,td) *,rtr"rtL*¿, *V rf fr'ttt¡ rlrt alYor;nkl

a*r/, ht^L tor) tri,r-ü¡, 1,.\t ^l U --t ^* 
rl ,rFlnc'*! / Á¡ ? ¡

in f ot) *od. 'tl-1 (t.t) w-¿ o!b*r tt,) , -¡ l^-n¡,, t1r^.t,*ls ¡2"+6)

i¡ r1--"Jt*b W ¡" r¡l** r$eyt"tr"5 {*') -t.,)t
la, l (vxo) (y,z) = ='*{n(x,v)6a(z) -s(x,z)6a(}/)

+s (X,? y)n ( z ) 6n-9 (x,? z) n ( l') on),

(b,l (v*n) r/ = - fitnw^,?/)6n - gLx,?Y)oo(E)],

{c') 60(?x) = o.

--"-' ' "Jla' ) and''maki ng use¡'p'lac'i ng V by ?

{b'). Settino

setti ng X=V=e

Sett.ing 7=E and re

of ( 1-. 9). we obta i n

0n" the othé,r hand,

in {a'I we obtqjni
I

I
'I

t
I
I

i¡ in

^-q
and

I
in (6'i we have V.t=0.

g

repl ac'ing z by Y z

drt-¿ ¡a,',nl c"r*kh*u ktt$\ *?. 
.'n
in ttt Wro'¿*, nLor,"¿ ' aii \ l:€

,.u;r*,ffii .l Ltr'S-t;'"i1-tiif"t¡'*:H',T * :l11 ; :.t' 
$ rk v

- *u*(?z ¡.

'..
..t" , l"

(vrn)z = (v'o'Kg'?z)

'l

from whi.c"h we obtain (c'1. Thus [¿¡l )'' is the only indepen-

{ent.condition.

The a'lmoit Herm'i'tjan manifold (t{xlR,l,h) js u Gl

fold (w,eruretl.l) iF

(z.Lt) (D ¡x,afi)rJU,a*) + J(Drg,a!flr)(xiafr) = Q'

D EF i N iT i 0N 2 .76 . An o.Lm,J,si. eontact me.tnic ¿tnuctun-e

(?,t,n,91 ia caL'L¿d G,-Sa,r ah-ían le lsl ¿6 ('t{rlR,J'fr) lon'

eqwíva\enl|-q, (iv{rlR, J,h" )l ¿d a G r-mani{aLd.
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THEOREM 2.17. l?,E,n,gl i¿ Gr-Saa.a,lzia-n i[ and onLq i'-d

(2.18) (vx?)x - (vg*F)?x + n(X)vg*E = 0

f 
\ 
f^t )t\, r j - l\¡d )(Yr,y¡ '- ?ft) (ú?*x) Y = o(onaLlXeN(M).

Pnoo{: By (1.23)' (2.17) is separatecr into the eguations

la.l (v*?)x + ?(vfx?)x - { (vprn )x}E = o,

{b}. (vrn)x + n((vr^?)x) = o,

.{dl ¡( (vE?)x) = o,

{,el ?(v-E) - 0.
É

Al I the previous equatÍons can be deduced from tal. In

fact, setting X=E in (al, we obtain (V€?)[ = 0 and hence

OEE = 0¡ thus we obtain (¿J, Furthermore,

n[[Y.P)x) = - (v-n)?x = o,'-- E - E"'

which is the equation tdl. By (1.6), (al impl ies

(vxo)(y,x) - (v?xo)(?v,x¡ - n{y)(vg*n)X = 0.

Setting y=E in the above equation and using (1.10), bre

obtain

(v.(n)?x+(vg*n)X=0.

Repl acing X by X+fX in the I ast equatjon we obtain

(v*n)x - [vsxn)?x = o,

{cl v*E + r(v'?)x + ?(v?xE) - {(vrn)x}E = ó,

I

i

il
I
fi
,t
rl!
$

,T

:{
ii
irl

,li
:,J

I
t
t.

1,
t
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. which is equiva'lent to tbl. Now, rep'lac'ing X by X+t 'in (a),

we have

(vr?)e + (vr?)x + ?(v*rt")6 = o.

Applying F to this equation we obtain (c). Therefore (a) is
the only inCependent condition. Tak'ing into account that

(vg^?)?+f(v1*?) =. v?x?' = Y?x(-I+¡65) = (vpxn)oE+nev?x6,

we may conclude that lal is equivalent to (2.18).

The almost Herm'itian manifo'ld (MxfR'J'h) is a Gr-mani-

f o'l d (w 
z@u "6w 4) 'tf

(2 . ]s) d F(8, o#), J ( v, o#1, t 12, efi)h dF ( r (x, o#), U, b#), r (7,.fin

+ dF ( J ¡r, ofi), J ("/, b#) ; ( Z, .fui- ar{(x, o#), u, b#), (2, c#D = 0 .

DEFil"liTI0N 2.18. An a.Lmo¿t cantaet m¿tttic ¿tnuet'un¿

{?,E,n,g} i¿ ra.L!-¿d Gr-Sara-l¿ia"n lcesl it (lr{xlR,J,¡t) (on,

ecluiva.LenfLq, (¡lxlR, J ,h') I ¿L a.. G r-ma-r"í{oLd

THEOREI4 2.19. TrLe ÁoLlowittg b-onditiou z-'Le zquivc'Lznt't

.l¿l ff, E,n, g) i¿ Gr-Sa"'sa-t¿io"n.

L¿il 3do (x,?}/,?z )+3do (?x, v,?z )+'gdo (?x,?v,z ) -3cfo (x,v,z)

'-rn( z ) (dn (x,?v) +¿n (?x, v) ) - ?niv)(dn ( z,Px ) +dn (Fz,x) )

-2n(x)(dn(Y,W)+dn(?l/,2)) - 0 (on a'LL x,y,z e x(Ml.

(,ti¿) g i(vxo) ( v,7-)-(v?xo) (Ptl,z)-n(v) (vfxn)z) - 0

don o"LL X,Y,! e X (¡,{).



?2j

Pnoo{t (ii}
( 1. 12 ) . l,le shai l prove l¿t

, separated into the conditions liil and

-3d0{x,?y,6) + zn(y)dn(E,x) - 3do(?x,v,¿1

+ 2n(x)cIn(V,E) - ?dn(?x,?v) + Zdn(X,V) = g.

This equation follows from lii-1 rep'lacing X by PX and

setting Z=€.

'An almost Hermjt'ian manifold is a (wror/U)-manifo'ld

, if Ít is .: 0r-manifold and semi-Kaeh'lerian.

' DEFIf,IITION 2.20. An almott contact m¿trLie dtnuctune

l? , E, \, gl i¿ ca'LLed G ,- a zmi- eoe g¡mpL-ectie lG ,ac | {neap.

Gt-oemi-Sa-aal¿ían le,aSl ) .L.l ([{xlR,J,r¿) lnzap. (Uxn,J,ho )

i¿ a lW rew ti-tna"nidct'Lci.

By Theorems 2.17 and 2.!7, we have

THE0REI{ 2.21. ll-l l?,E,n,gl it Gr-demí-ccaqmptectic

il and o nÍ-q i$ ,fIü) *,1 i - (úx< V) {!r,\ ) - f trrl 
(úext)'l

0
de = 0, 6rL = o, 

.(Vietx 
- (V?x?)?x + n(x )vf xE = Q.

líil (Fr€,n,g) i¿ Gr-,semi-Saactb;.ctn id and. ontq i{

1n =:2|ó0, (v*?)x - (vgrP)Fx + n(X)vFxE = Q.
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An aimost Hermitian manifold is a (utrou U)-manifold
if it is a Gr-man'ifo'ld and semi-Kaehlerian.

DEFINITI0N 2.22. An almo¿t cctntaet. metnic 
^t)Lucf.utL¿

l?,E,n, gl i* ca.LLed G r-aemi-eoaqmpl-ectic la rdcl (n¿¿rt.

Gr-tetni-Sa¿a'r¿ian le ,asl) ¿6 (¡'{xlR,J.,h) (tzap. (MxtR,J,ho)l

i¿ a- ltt) zsw 3l -matn¿6'o.Ld.

'By Theorems 2.Ll and 2..79, h/e have

THE0REM 2.23. l.¿l (?,5,r,9) ít Gr-¿¿mi-cott¡mpLzetic

6Q=0, 6n:0, G{(vxo)(1,,2)-(vPxo)(Py'z)-n(y)(vPxn)z} = 0.

l¿¿l (?,Ernrg ) i¿ Gr-aemi-Saaa-tzio'n i{ and onlq id

1

n = rfoo, G{(vxo)(v,z)-(vpxo)(Fv,z)-n(v)(vq"r¡)z} = Q.

The almost Herrnitian manif old (MYIR ,J,lL) is a {úttrGU4)-

manifo'ld if

Q. za) (D (x, o#)F )(8, ^#), ir' ofu)= -fit ntrx, o#), tx, *f;)Tr u, b#)

- tL( 1x, afi), ( v, b#)) 6 F ( x, *#) - rL { r (x, o#), U, b#)) ¡-F ( r ¡ x, a$) ) } .

.,iiDEFINITI0N 2.24: An ttLnrt¿f. contaet me-tnic .stnuctunQ-

(?,6,n,g) it eo-t-L¿d. neat!-q-tnan¿-Sa¿ahian !nZSl iú (il{xlR,J,h)

loft, zquiva.?-zntLt¡, (ir,{tiR, J ,ho )l i¿ ct (0tSff4 | -mani{oLd'
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THE0REM 2.25. l?¡ E,n,gl i¿ n¿a"tLLU-t)Lan¿-Sa"Áatzian id

ancl onlq id it ¿ati¿diza thz $oL-Lowing eondition¿¡

(2.2t) (vxo) (x, v )=-*{s(x,x)oo(v)-g (x,v) 6o(x)+g (?x,v)n(x) on},

(2.22) (v*n)f = -*tn(?x,?!¡)6n + s(?x,y)60(E)]'

[bt a.L!- X,Y € x(M).

' Pnaod: By (t.ZS) and (1.29), the equation (2'20) is

s eparated i nto

(a) (vxo) (x, v)

-*fn(x, x ) oo ( y ) - s (x,y ) oo [x ) - s L? x, v ) 6o (Px ) +g [?x, v ¡ ¡ (x ) 6n ],

(.b I

{c} 60 (x)

By (1.10),

(vnn) tr = -fitatvx,F}/) on+s {?x,v)eo(E)+n(r)60 (Px)!'

n(x)00(6).

I¡¡e shall prove that (a) and (bl 'irnply (c). setting

X=E in lal, we obtain

(vro)(E,tu) = - (vEn)?Y.

Setting X=E in (b) vre have VEn = 0; thus, fron the last two

equatjons we obtain Icl. Moreclver, the condition {c) impj ies

60(pX) = 0. Thus, the system of equations (al- {¿l is equi-

valent to the two equat'ions (?-21)'(2'22)'
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The almost Hermitian man'ifold (MxfR,J,lL) is a ((ltZorl¿)-

manirold if 
I 'butlr ^l**^'{ 'Ju'tqt Veilr"

Lz.z3\. d,r = F.¡ 0. I i:tut tf oL'",{MtR) ¿6
\ f JJ at,*" f&tvfi--\ nE rg\

where 0 is the Lee form of (M'rR, J,tt,), siu.) fr "al ilq:u - )

e x,ofi) = *ar(t(x,"fi11,

which, by (L.29), may be writtln

(2.24) o ¡x,afr) = fiu.(px¡-n(x)6n-aoo(6)).

lde define a i-form t¡ on itl by

1(2.25) o(x) = o(x,0) = f(oo(Fx¡-¡(x)6n).

DEFiNiTi0N 2.26, An a-Lmo¿i e'ontact met¡tie ¿fnuctune

(7rE,n,g) i¿ caf-!.¿d a-Lmoat-tnan¿-Sa¿alzia-n IatsI ió (MxlR,J,h)

laft, erluivaLent!-q, (MxrR,J,h"J ) it a lUt"e?nl- ma-ni(oLd.

THECREI4 2.27 . (?,E,n, gl ia c-t-mo¿t-tttaná-Sa¿a,ei,in i{
and onLg íd the dolLowLng eand.ítiona cL,Le 

^a-tit.[ied.t

(2.26) dA Q ¿1t¡,

= fitoo(q)o - 2n¡F(oo)).

(1.1e), (7.27), (t.zg) and L2.24J, the

is separated into the equations (Z:ZA¡

(2.27 ) cf n

?noo (: By

eqúat'ion (?.23)

and (2.27).
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The almost Hermitian man jfold (MxlR,J,lL) is a (wrewre?n)-

manifold if

(2,28) (D( *,o#)F)((v, o#l ,Q,ef¿+(D:(* ,o#)F)(r( v,b#),3,cs))

= -f,th( (x, o#),u,b#))¡'F(z ,"#)-h( (x ,o#),p,cfi))6-r(v ,u#l .

-h((.x,"#) ,r (v ,af;lñr Lr (z,"frll+t{(x,ofi) ,s (z,c#))* {s (v ,ufiln .

0EFINITi0l.l 2.28. An aLmoat eontaci mztnie atnuctune

(?, t, n, g l i¿ caZled quaa.i-tnctn^-Sa"aa.tztanl qtsl ií (MrlRrJ,h)

(ot,' ec¿ui-va-X-ontl-U, (tr.4xlR ,J ,ho ) I l¿ a l,W 
PW Z@Al4l -ma"ni(ct.(.d..

Ti-lt0REí'i 2.29. W,E,n,g) i¿ quadi-tn-an¿-Saaa-fr.ian i{ a.nd

ant-q i$

{?.2e) (vxo)(l¡,2) + tvg*o)i?v,z) + n(Y)(vprn)z =

1- ¡{s (x, Y) 6o (z ) - s(x,z ) 60 (Y)

- g(x,9v)(60(?z)-n(z)bn) + sU,Pz)(60(?y)-n(y)dn)i

don at-t-.X,V,Z e x(Ml.

Pttoo(1: By (1.10), Lt.ZS) and [1.29), the equation (2.28)

is separaied in.to

(ol (vxo) (v,z) * (v?xo)(Fv,z1 + n(/)(v*^n)z =

- *tr(x,v)60(z) - s(x,z)oo(v) - e(x,Pv)oo(tz)

+ s(x,?y)n(z)6n + g(x,Fz)oo(f,v) - e(x,Pz)n(f)ón],
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from which, the first is the only independent equation- In

fact., setting 7=E in lal , rep'lacing V by ?l/ and us'ing (1.9)

and (1.10) we obtain (b). Setting X={ in lal Jn¿ rep'lacing

v by?Y, lve have

(bl (v*n)lz + (v?xn)?Y =

- ItnU,Y)dn - s(x,9v)60(E) + n(x)oo(?r) - n(xin(v)on],

(cl (vro¡ (?v,z) + n(r)(vrrrlz = -*,n(v)60tPz1-n(z)oo(Fv)),

ldl (vrn)Fv = - fr- 60(v) + n(v)60(6)],

(vEo) (Fv,z) = *rn(z)60(ftv¡1

Setting X={ in (b), interchanging Y and Z and niultiplying

b-v n(/), we obtain

n(v)(vrn)z = - *rn(v)do{Fz)1.

From the I ast two equations we obtain (cl'.

. )- tivt-tfrJttilv xr,LA¡lu¡rJ3, INcLUSIoN RELATIoNS

Before comparing the classes of the almost contact

metric structures, we shall define a new class which con-

tains some of the other c'lasses.

DEFINiTI0N 3.1. An ct!-mo¿t oonta-ct m¿ttie ttttuctutte

l?, E, n,9l i¿ ¿a-Lled an almc¿Í-K*co nte,et at'nuetune i{ vr?=0'
I
ii

¡

I
il
,]

I
.r

i
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llle shal'l denote by laKcl the class of the almost-K-

contact structures. By Theorems 2.L and 2.9, we have

PRoPosITI0N 3.2. lNlU lqrclUlqrsl C laKcl.

Keepi ng i n mi rrC that an almost Herm'iti an mani f ol d i s

Kaehlerian if and cnly if it'is almost Kaehlerian and

nearly Kaehlerian, that an almost Kaehler or nearly Kaehler

manifold js quasi-Kaehlerian and that a quasi-Kaehler mani-

fold js semi-Kaehlerian, we have

THEoREPI 3.3. l¿l lcl = la.clnlnKclCiaclulvrrclclqKcl cl.sc¡

t..(.il lsl = lelfllnKslC lclul nrslc lqrslc l¿sl.

THE0REI4 3.4. Evznq neanLg eodqmytt ectic ¿tnuctune i¿

a emi- eo d qrn¡slectíc.

?noad: trf', (?,E,n,g) is a nearly cosymplectic structure

then, by (f.O;, (vxa)(x,y) = 0, and hence, by {1.i4),60 = fl.

Furihermore, (vr?)E = 0 and so oEE = 0. Differentiating

the compatibil ity condition of the metric (1.3) with res-

pect to E we have g((vEP)x,PX) = 0, from which the nearly

cosymp'lectic conclition gives g((VX?)€'?X¡ = Q and, by

using (1.d) and (1.9), (vrn)x = 0; therefore, by (1.13), 6n=0.

The concl us ion fol I ows from Theorem 2. 11.

THEoRtM 3.5. Evznq nza.nI-t¡ Se-¿al¿;¿a-n afn-ueÍune i¿ ¿emí'

Sc,¿ahinn

?too¡: Let X be orthogonal to € with g(X'X) = l' Then,
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by (1.6) and the nearly Sasakian condition' we have

( vxo ) ( x, y ) = -s ( ( vx?) x, y ) = ^ s (g(X, x ) E-n (x ) X, / ) =' g (E,v l= -n L/ ) .

0n the other hand,

(v.o)(t,Y) = -9((v.?)6,r) = Q.
99

Hence, 60(y) = ?nn(v). From Theorem 2,LL, we may conclude

that the structure is semi-Sasakian.,',

Since the identity'is a n'on homothe'tic conformal

diffeomorphism between the almost Herrnitian manifolds

(¡{nlRnJ,f'¿) and (MrlR, J,ho) (or by Theorem 2' 11.), we have

that if one of them is semi-Kaehlerian, the other is never

semi-Kaehlerian [¡]. As a consequence' we have

THE0REM 3. 6. lac I n las | ít tlte zmptq eLa¿¿ - Th'en

¿6 l?,E,n,gl i¿ in one od /clte c|a¿¿¿¿ lc l, loc I , lnKcl,

lqfCi, lnCl, i¿Cl, it it ne.vetL.in a,nq od thz cLa¿¿sa lSi'

l"l, InKsl, lqKSl, lnsl, l¿sl.

If an almost Hermitian manifold'is Kaehlerian thett

it is a ü/O-manjfo'ld and if a manifojd is a ilr-manifold then

it'is Hermit'ian. The nearly Kaehler manifo'lds are GJ-'nani-

fo'lds and the almost Kaehler manifolds are Gr'nanifclds.

Furthermore, an almosi Hermiti.an nanifold is Hermitian if

anci only 'if it is a G,-manifolci'and a Gr-manifold' Thus

vle have

t

I
li
i.i

;l
lr

:l

I'

*
1',
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THEOREM

lnrel!lnKsl
lclsln lc2sl

3.7. lcl
u ll\rl c
= ll\/1.

u lsl s ltsl c
lc¡sl, laclu

lNl,

l"lul¡tl c lGesl,

THEORtM 3.8. lnrcl = lnClo laKcl = lncln lqrccl =

lncl n lslsl = lncln lqffl.
Pnoa{; Since every nearly-K-cosymplectic structure'is

nearly cosymplec'uic, quasi-K-cosymp'lectic, Gl'sasakian and

quuti-'trans-Sasakian ancl making use of Propos'ition 3.2, we

obtain that I nfC I is contained in the four intersections of

classes above. lnc ln larcl c lncln lar<el follows frcm

Proposition 3.2 and lnCJn laKcl C lnrCl from Theorem 2.7.

If (P,E,n,g) is nearly coSymplectic thLn, by Theorsm 3.4,

it is semi-cosympiectic; if it is also quasi-trans-Sasakjan,

then it is quasi-K-cosymplectic, since an almost Herm'itian

manifoid is quasi-l.raehierian if and only if it is semi-Kaeh-

lerian and it 'is a {1r/re'fdreor)-manifold. Therefore,

incl n lq¿sl C incln lqKcl. }le shall now prove lnclnlGisic' InKC

If (?r6,n,g) is nearly cosympiectic, (vX?)X = 0 and hente,

by Theorem 2.17, the Gr-Sasakian condition (2.18) becomes

n(X)Vg*E = 0, from which, replacinq X by X+y, rr'e obtain

¡(x)v,"yE+r¡(Í)vg¡E = 0; setting Y=E, we have vp¡€ = 0 and

hence ogrrE = 0; since oEE = 0, by (1.2), we obtain vxE = 0;

applying Theorem 2.7, v,,e may conclude that (F,E,n'g) is

nearl y- K-cosympl ecti c.

THE0REI'| 3.9. lc[ = laClnlnKcl = lacln lncl = lnCInlitt¡ =

iacl¡lrul = lqKllnlñl = laclnl¿sl.
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Pnoo,[: It ís evident that the c'lass lC I iS contained

in all the intersections of classes above. The first equality

is in Theo¡em 3.3. if (?,E,n,g) is an almost-cosymplectic

structure, then it is quasi-K-cosymp'lect'ic and hence' by

Propoajtion 3.2, ii i s an almost-K-con!act structure; thus, if

it is also near'ly cosymplectic then, by Theorem 3.8, jt is

near'ly-K-cosymplectic. Then lacln Incl c loelClnKcl.

lqKcln lrul C lcl since a quasi-Kaehler and Hermit'ian mani-

fold is Kaehlerjan. lncln lrulc lqrCin llvl since, try Theorem

2.7 and Proposition 3.2, a normal nearly cosymplectic

structure is nearly-K-cosymp'iectic and hence quasÍ-K-co-

symplectic . locln l,vlC lqKclA lÑl because everv almost-co-

symplectic structure is quas'i-K-cosymplectic. llClnl.tsl = lCl

since an a'lrnost flermitian manifold is semi-Kaehlerian and

it, is a ü14:manÍfold if and only if it is Kaeh'lerian

PR0P0S ITI0N 3. 10. Evzttr¿ neanLq:K-Sc'aab¿an Etnuct'un¿

i¿ a contc,ct m¿tni¿ ¿tnuctun¿,

Pncod; This is immed'iate from (i.1i) and (2.9).

THr0REM 3.11" lsl = lnKSl = laKcln lnsl = lcln lnsl =

lrcl¡lnsl = Inslnlr,ll = inslnlersl = Inslnistsl =

lnslA lq¿sl = lqKSln lrul = l¿sln l¿sl.

Pnoo.dt lSI r lnKSl tollows from (ii, of Theorem 2'7,

Proposition 3.10 and fr:om.-uhe fact that an a'lhrost Hermit'ian

manifo'lci is Kaehlerian if and only if it is neaily Kae'h-

'lerjan drtd almost Kaehlerian. The proof of the other equa'lii'ies

is similár to those of Theorems 3.8 and 3.9'
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C0R0LLARY 3.13. A quaai-K-Sa¿ ahian 
^f.)LuctutLe 

(?,E,\,gl

i¿ a c.ontaef metnie ttnuetunz i{ and onÍ-A i6 dn(X, V)=dn(FX,?y)

dott aLÍ- x,v e.xl,u). (X*-*k,,tt¡ ., Ñ"'=o ) Btair y ¡"t. \ 'f

PR0P0$ITI0N 3.12. f t (?, t, n,g I i¿ a qua-6i-K-Sa.eahian

dtnuctufte,

(3.1) dn(x,Y) + ¿n(?x,?v) = 2o(x,v)

{on X,!z e x(M).

Pnoog: By using (1.6), (1.9) and (1.10), from (z.Iz)
i t fol I ows that

(v*n)r + (vfxn)?v = za(x,y) ,;

from which, by (1.11), we obtain (3.1).

Now, we shal I prove s0me properties of quasi -Sasakian

structures and ihe'i r rel ation with trans-sasakian struc-

tures. For a quas i -Sasa ki an structure (F, E rn rg ) tole have

(cr. Ir] I

(v*n)r.= -(vnn)x.

From (f.ts) and (3.2), we have

PR0P0SITI0N 3.14. í6 l?,E,\,gl ia a quaai-Sa,saÍzian

atnuctune tt¿en 6n = Q.

LEI'IMA 3.15. Lot {Xi,?X¿,€; .i=7,.,. ¡n! b¿ a" loca{.

ottthono¡tma".t- ba¿i.¿ d.zdinzct on a-n opLn Áub¿et. o$ tho. marti$cÍd

(3.2)
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l,l, witln an a-Lntost ¿ontaet metnic atnuctune l?, E, n,g l . Then,

n
(3.3) 6o(?x) = - trlt{do(xi,?xi,X)} + n(x)dn - (vrn)x

{ottaLLX€X(M).

Pnoo{: By (1.14), we have

n
(3. 4) 6o(f'x¡ = -rir{ 1vx.c ) u¡,Px)+(t?*rt) (?x¿,?x; 1-(vE0) (E,Fx).

By us'ing (1.7) and s'ince n(X¿) = g(xi,6) = 0, ii fo'l'lows

tha t

(3.5) (vx .o¡ 1x/,Fx) = (v* 0) (?x¿,x) + n(x) (vx,n)x¿.
L .L ni ..L

By (1.8),

(3.6) (vsv o)(txr,?x) = - (v?x¿o)(x¿,x) + n(x)(vpx.n)Fx "
to¿

0n the other hand, from (f.fZ) we have

(3.7) lvx;o)(tx¿,x) ' (vgxro)(x¿,x) =

since, by (1.6)

(v*o) ixr,?xr) - - s(v*?x'tx¿) + s$v*x r,?x¡)

Furthermore, bv (1.9) vve have

3dalxi,f x*x) - (vxo)(x¿,?x¿) = 3d@ (xi,?xi'x),

l
I
¡

I

I
I

I
I
:

j

I
f

ti

il
-i

,'¡
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. Therefore, from (3.4), (3.5), (3.6), (3.7), (3.8) and (1.13)

we obtain (3.3).

PROP0SITI0N 3.16. Iú ft,€, n,gL i¿ a'c1ua.ai-Sa.so-hia.n

¿tttucfune then 60(PX)=0 and ¿o 60(X) = n(X)do(E) 6on

atl- X € x(l'l).

Pnoo{: By definition, a quasi-Sasakian structure is
normal; then jf we set X=V=e in (y) of Theorer|r ?,1, we ob-

tain (VE?)E = 0o from r,rh'ich Vr6=0 and hence V-n=0. By

Proposition 3.14, 6n=0. Furthermore, dé=0. Therefore, from

Lemma 3.15 we obtain 60(P¡) = 0.

LEI{MA 3.77. T6 (?,E,nrg} í¿ a tnaha-Sa¿a.bian ¿t,tuctune

then

(3,e) da = -tun4oan).

Piood: This follows from {!.LZ) and Theorem ?.15.

THE0REI4 3.18. Il (?,€,n,gl i¿ a. tttctn.t-Sa.aahion ¿fnuc-

fune aatiaóAing 6n = 0 thzn it i¿ quaai-Salab.Lan.

?nood: Sínce a trans-Sasakian structure is normal,

this ís immediate from Lemma 3.L7.

In particu't ar, note thai both cosympj ectic and Sasakian

structures are trans-Sasakian satisfying On = 0, since both

structures are semi-cosymplectic and semi-Sasakian, reS-

pecti ve'ly.
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PR0P0SITI0N 3. 19. Á qua"ai-5.a.¿a.t¿ian átnuetune ft ,€,rt,gl
i¿ tna-n¿-Sa-'sa-lzian i( and on.LA ió

(3.10) (vxo) (v,z) = - *tn(x,y)n(z) - s(x,z)n(y)]oo(E).

Pnoo{r For a quasi-Sasakian structure,6n = 0 by propo-

sition 3.14. If it is also trans-Sasakian, M
*we.*#rre f'o- -fit?or?rr, "(.¡5' ib [of\*S (S.t4

. Conversel y,

íf a quasi-sasakian structure satisfies (g. tO), Theorem

2.15 and Proposit'iond 3.14 affiy16 imply that it is

trans-Sasakian.

For a cosyniplectic structure, 60 = 0 and the expression

(:. f0) becomes (vxo) (y,z) - 0. A Sasakian structure is
semi-Sasakian and hence, by Theorem 2.11.,, óO(6)=Znn¡6)=2n;

then, i n thi s case, the expression (3.10) becomes

(vxo)(y,z) = :s(x,z)nty) - s(x,l/)n(z),

whi ch was proved, i n another way, i n IfO] .

PR0P0SITI0N 3.20. ' 6 l,?,E,rttgl i¿ a cluaai-Sa-¿cthian

¿tzu¿tun¿ ltn¿n

(3.11) (vxo)(y,z) = dn(x,Fv)n(z) - dnu,?z)n(v)

dan o"LX. x,V,Z € X(Ml.

The proof is a very lengthy computation but simil ar

to that of ftO] for a Sasakian structure.
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THE0REM g.21,. Aquadi-Sa¿ahian ttnuctunz l?,E,n,gl i,s

Íno"n¿-Sata"hian i{ a.nd anX-q i{

(3.12) dn(x,ll) = fio(x,Y)60(E)

(on a"I-l- X,V e X(Ml.

. ?noo{: If (?,6,n,g) is quasi-Sasakian and trans-Sasakian,

setting 7.=E in (3.10) and (3.11) and equalizing both ex-

pressions, we obtain

(3.13) dn {x,?v) = - *rn(x,v) - n(x)n(v)}60(g1.

Furthermore, since a quasi-5asa!<ian siructure is normal,

VEn = 0, and hence, by (1.11), dn(X,{) = Q. Then, by (1;2),
(1.4) ancj (3.13),

= fin(x,?v)60(E) = fio(x,v)óo(E).

Conversely, if t3.i?,I is satisfied for a quasi-Sasakian

structure, then, from Proposit:ons 3.19 and 3.20 it
follows that it is trans-Sasak'ian.

Diagram I summarizes ihe ínclusion relations among

the different cl asses of almost contact metric structures,

where the.arrows (-¡) mean inclusir:ns ( < ).

dn(X'f) - - dn(x,?'v) + n(v)dn(X,q) = -dnV'?'Y)

D IAqR.AM I
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ilow, b,e suppose that M is a 3-djmensional (n=1) mani-

fold with a (?,8,n,9)-structure. Then (MxlR,J,h) and

(M*tp., l rh") are almost Hermitian manifolds of d jmension 4.

In t4] it .is prove.d that a 4-dimensional nearly-Kaehler

manifo'ld is Kaeh'l9rian, and, s'imilarly, it can be proved

that a 4-dirnensjonal semi-Kaehler manifold is quas'i-Kaeh-

lerian and thai a 4-dimensional quasi Kaehler manifold is

almost Kaehlerian. Furthermore, a 4-dimensiona'l Hermitian

manifold is a 0n-manifold t5]. Thus, the 4-dimensional

G,-manifoldS ai"e Hermitian and ai'l the 4-d jmensional almost

Hermitian manifolds are Gr-nanifojds. As a consequencet

ihe relations among the cl asses of a'lmost contact metric

structures 0n a 3-dimensional manifoid are those repre-

sented in Diagram Ii, for which we also use the fol'lowing

THE0REM 3.22. lil A' nec'nLg coar¡mpLecf'íc ti.nucfurc'l ott

a 3- d'Lmena io naL mani-{ro !-d, it ca t L¡mplzciic ' 
.

lii-l Á. nzant-E sa,tal¿ic,n átlLuctule o n c" 3-dimen¿io na't

ma.n.Ldalld .L,s S a¿ abian

Pnoo¡: it folIows from Theorem 2'7 t

and the first eqqality 'in lil and liil of

Proposition 3.?

Theorem 3 ' 3.

Fi na'l 1y, f rom lt] i t f ol I ows that a

structure on a 3-dinensional manifol d i s

Iic or Sasakian.

quasi -Sasaki an

ei ther cosYmPl ec-

II

j
11

I
,,,1,

li
I

ii

D I AGRAI4
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