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HOMOGENEOUS LAGRANGIAN FOLIATIONS
ON COMPLEX SPACE FORMS

JOSE CARLOS DIAZ-RAMOS, MIGUEL DOMINGUEZ-VAZQUEZ, AND TAKAHIRO HASHINAGA

ABSTRACT. We classify holomorphic isometric actions on complex space forms all whose
orbits are Lagrangian submanifolds, up to orbit equivalence. The only examples are La-
grangian affine subspace foliations of complex Euclidean spaces, and Lagrangian horocycle
foliations of complex hyperbolic spaces.

1. INTRODUCTION

Let (M, g, J) be a Kdhler manifold with Riemannian metric g and complex structure J.
As a Kéhler manifold, M carries a natural symplectic structure defined as w(X,Y) =
g(X, JY), which turns it into a symplectic manifold. A submanifold N of M is said to be
Lagrangian if the symplectic form w vanishes on T'N and the dimension of N is half the
dimension of M. In the case of a Kahler manifold this is equivalent to saying that N is
totally real and of half the (real) dimension of M, or equivalently, JT,N = v, M for all
p € N, and where v N denotes the normal bundle of V.

A foliation on a symplectic manifold is called Lagrangian if all its leaves are Lagrangian
submanifolds. These are important objects in symplectic geometry and topology, as exem-
plified in Weinstein’s foundational results [12] or in more recent contributions [6]. Now, if
M is a Kéhler manifold, a foliation on M is said to be homogeneous if it is the family of
orbits of an action of a connected Lie group of automorphisms of the Kéahler structure of
M, that is, of holomorphic isometries of M. This article is motivated by the problem of
investigating homogeneous Lagrangian foliations on Kéahler manifolds. In this sense, our
aim here is to provide the classification of homogeneous Lagrangian foliations on complex
space forms, that is, complete simply connected Kéahler manifolds with constant holomor-
phic sectional curvature: complex Euclidean spaces C™, complex projective spaces CP",
and complex hyperbolic spaces CH".

Main Theorem. A homogeneous Lagrangian foliation on a complex space form is holo-
morphically congruent to a Lagrangian affine subspace foliation on C" or to a Lagrangian
horocycle foliation on CH".
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Here, by Lagrangian affine subspace foliation we mean the orbit foliation of the action of
a subgroup of translations of C" given by a Lagrangian subspace V' =2 R" of C"™. More inter-
esting is the example in the complex hyperbolic space, which is constructed as follows. As
a symmetric space, the complex hyperbolic space can be written as CH" = SU(1,n)/U(n),
where K = U(n) is a maximal compact subgroup of G = SU(1,n). Let g = £ @ p be the
Cartan decomposition of the Lie algebra g = su(1,n) with respect to £ = u(n), where p is
the orthogonal complement of € in g with respect to the Killing form of g. If we choose a a
maximal abelian subspace of p, the restricted root space decomposition of g can be written
asS g =90 20DPg_aDgoD ga D g2.. The fact that CH" is a Kdhler manifold implies that g,
is a complex vector space of dimension n— 1. We refer to Subsection 2.1 for further details.
We define h = [ go,, where [ is a Lagrangian subspace of g, = C*~!. We denote by H the
connected Lie subgroup of SU(1,n) whose Lie algebra is h. We call the foliation induced
by H on CH™ the Lagrangian horocycle foliation. It can be proved that all the orbits of H
are congruent to each other, and that they all are Lagrangian submanifolds of CH™. The
Lagrangian horocycle foliation is also an example of a homogeneous polar foliation [4].

Our result fits into the framework of the investigation of homogeneous Lagrangian sub-
manifolds in Kéhler manifolds. In this setting, Bedulli and Gori [2] studied general proper-
ties of these objects, and classified compact homogeneous Lagrangian submanifolds in CP”
arising as orbits of simple compact subgroups of SU(n + 1). The case of non-simple sub-
groups constitutes still an open problem (see also [11]). Interestingly, there is a complete
classification of compact homogeneous Lagrangian submanifolds in complex hyperquadrics,
due to Ma and Ohnita [9]. Also, Kajigaya and the third author [7] derived a classification
of homogeneous Lagrangian submanifolds of complex hyperbolic spaces arising as orbits of
subgroups of the solvable Iwasawa group of CH", and established a correspondence between
compact homogeneous Lagrangian submanifolds in CH”, in C", and in CP"~!. There are
also some partial classifications of homogeneous totally real submanifolds in Hermitian
symmetric spaces under additional geometric assumptions (cf. [3]).

This paper is organized as follows. Section [2] contains some preliminaries regarding the
complex hyperbolic space and isometric actions with isotropic orbits on Kéahler manifolds.
The proof of the Main Theorem is the content of Section [3l

2. PRELIMINARIES

In this section, we collect some basic facts regarding the complex hyperbolic space CH"
and the algebraic structure of its isometry group (in §2.T]), and we include a proof of a
known result about actions with isotropic orbits in the Kéhler setting (in §2.2)).

2.1. The complex hyperbolic space.

We denote by CH" the complex hyperbolic space with constant negative holomorphic
sectional curvature. It is well known that it can be realized as a Hermitian symmetric
space G/K, where G = SU(1,n) is, up to a finite quotient, the connected component of
the identity of the isometry group of CH", and K = S(U(1) x U(n)) is the isotropy group of
G at some point o € CH". Moreover, G = SU(1, n) coincides (again, up to finite quotient)
with the group of holomorphic isometries of CH".



HOMOGENEOUS LAGRANGIAN FOLIATIONS 3

Let us denote by g = su(1,n) and ¢ = s(u(1) & u(n)) = u(n) the Lie algebras of G and
K, respectively, and let g = £ & p be the corresponding Cartan decomposition, where p
is the orthogonal complement of £ in g with respect to the Killing form B of g. Recall
that we can identify p with the tangent space T,CH" as vector spaces. Denote by 6 the
corresponding Cartan involution, whose +1 (resp. —1) eigenspace is ¢ (resp. p). Then
Bo(X,Y) := =B(0X,Y), X, Y € g, defines a positive definite inner product on g which
satisfies By(ad(X)Y, Z) = —By(Y,ad(0X)Z), for all X, Y, Z € g. The Ad(K)-invariant
inner product By on p induces the Riemannian metric on CH" = G/K.

As for any other irreducible Hermitian symmetric space G/K, the Lie subalgebra ¢ of g
has a 1-dimensional center Z(£). Then, there is an element ¢ € Z(#), which is unique up to
sign, such that J, := ad(()|, defines an Ad(K)-invariant (orthogonal) complex structure
on p. Since Ad(K)-invariant structures on p induce G-invariant structures on G/K, J,
determines a G-invariant (orthogonal) complex structure J on G/K. Then G/K becomes
isomorphic to CH™ as a Kéhler manifold.

Let a be a maximal abelian subspace in p, which is 1-dimensional, as CH" is a rank one
symmetric space. This abelian subspace a induces a By-orthogonal direct sum decomposi-
tion g = g_20PI_a D go D ga D 024, called a restricted root space decomposition of g, where
on={X eg:ad(H)X = A(H)X, for all H € a} foreach A\ € a*. Let £y = goNt = u(n—1)
be the normalizer of a in €. It turns out that gy = €y ® a, g, is normalized by €, and both
a and g9, are centralized by €,. Set n = g, P gon, Which is a nilpotent Lie subalgebra of
g isomorphic to the (2n — 1)-dimensional Heisenberg Lie algebra. Then the vector space
direct sum g = t@ ad®n is an Iwasawa decomposition of g, which induces, at the Lie group
level, a decomposition G = K x A x N as a Cartesian product.

It follows from the Iwasawa decomposition at the Lie group level that the connected
closed subgroup AN of G with Lie algebra a @ n acts simply transitively on G/K = CH"
by the natural left action. In particular, the map ®: AN — CH" defined by ®(g) =
g(0) is a diffeomorphism. Thus, we can equip AN with the K&hler structure so that @
is a holomorphic isometry. We will denote by (-,-) the induced Riemannian metric on
AN, which turns out to be left-invariant on AN, and by J the induced left-invariant
complex structure on AN, given by J = ®_! o J o ®,. It turns out that the inner product
(,-) = ®*Byg on a®n = T,AN is related to the inner product By on g by (X,Y) =
Bo(X,,Ys) + %BG(XH, Y,), where subscripts mean the a and n components, respectively, for
any X, Y € a®n. In particular, for any T' € £; and X, Y € n we have

(ad(T)X,Y) = —(X, ad(T)Y),

that is, the elements of ad(£y)|, are skew-symmetric with respect to (-, -) (and By). One can
also prove that g, is J-invariant, namely, g, is a complex subspace in a@®n, and Ja = go,.
Let B € a be a unit vector and define Z := JB € gs,. Then, the Lie bracket of a ® n is
given by

b
[aB+U+xZ,bB+V +yZ] = —§U+ gv+ (=bx +ay + (JU,V)) Z,

where a,b,z,y € Rand U, V € g,.
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Lemma 2.1. We have ad(T")J|,, = Jad(T)|,,, for any T € ¥&.

Proof. Let T € g and U, V € g,. Since [JU, V| € gs, and & normalizes g, and centralizes
go2q, the Jacobi identity gives

(JIT,JU|,V)Z = [T, JU, V| =—[[JU, V], T] = [[V,T], JU]
=—(JIV,T),JU)Z = —([T,U],V)Z.
Hence, J[T', JU] = —[T, U], which is equivalent to our claim. O

2.2. Actions with isotropic orbits.

We recall here some known facts about Kahler geometry from the symplectic viewpoint,
and Lie group actions with isotropic orbits.

If M is a Kéhler manifold with metric (-,-) and complex structure .J, then w(X,Y) :=
(X, JY) defines a symplectic structure on M. Holomorphic isometries of M are then
symplectomorphisms of (M,w). A submanifold N of a symplectic manifold (M, w) is called
isotropic if the symplectic form of M vanishes on tangent vectors to N, i.e. w(v,w) = 0
for all v, w € T,N, p € N. In the context of Kahler geometry, isotropic submanifolds
are usually called totally real, as in this case the condition translates into JT,N L T,N,
for each p € N. An isotropic submanifold N is called Lagrangian if it is of the maximal
possible dimension among isotropic submanifolds, i.e. 2dim N = dim M, where we consider
real dimensions.

We will make use of a well-known result on Hamiltonian actions on symplectic mani-
folds [1l Proposition I11.2.12]. Since we will use it in the context of Kéhler geometry, we
include a proof in this setting.

Proposition 2.2. Let H be a connected Lie group acting almost effectively and by holo-
morphic isometries on a Kahler manifold M. If all H-orbits are isotropic, then H 1is
abelian.

Proof. For each X € b in the Lie algebra of H, we denote by X* the associated fundamental
Killing vector field on M, given by X = %|t:0 Exp(tX)(p), p € M, where Exp denotes
the Lie group exponential map of H. Since H acts by holomorphic transformations, X* is
a holomorphic vector field, that is, Lx+J = 0, or equivalently

(1) (X5, JYT] = JIX, Y,

for any vector field Y*. Recall also that, for any Killing vector field X*, VX* is a skew-
adjoint endomorphism of M with respect to (-,-). Taking this into account, together with
the fact that M is Kédhler (and hence V.J = 0), we have:

(X", V,JY™) = (X", IV, Y") = —=(JX* V,Y") = (v, V;x:Y™)
= ([JX*, Y], v) + (Vy. . J X" v),
for any v € T M, any Killing vector field Y*, and any vector field X*.

We know that T,(H -p) = {X,; : X € b}, for any p € M. Then, all H-orbits are isotropic
if and only if the maps Uxy: M — R, p— Uxy(p) := (X*, JY*), vanish identically, for

(2)
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any X, Y € h. But, using the fact that J is Kéhler, then inserting (2]) twice and finally
using ([II), we can calculate the differential:

AUy (0) = (Vo X5, JY*) 4+ (X5, W, JY") = — (VoI X*, V") + (X*, ¥, JY)
= —([JY*, X*],0v) — (Vx.JJY", 0) + ([JX*, Y*],0) + (Vy, . J X", v)
—2(J[X, Y], 0) — (JVAY ) 4+ (JVy X7, 0)

— (X, Y 0),

for any v € TM. Therefore, if Uy y vanishes identically, then [X*,Y*] = 0. Since X €
h — X* € I'(TM) is a Lie algebra anti-homomorphism, which is one-to-one due to the
fact that H acts almost effectively on M, we get [X,Y]* = 0, and then, [X,Y] = 0. Since
this holds for any X, Y € b, we conclude that b is abelian, and hence, also H, since it is
connected. O

3. PROOF OF THE MAIN THEOREM

We divide the proof in three subsections according to the sign of the curvature of the
ambient complex space form.

3.1. Homogeneous Lagrangian foliations on complex projective spaces.

The non-existence of homogeneous Lagrangian foliations on complex projective spaces
is a direct consequence of Proposition 2.2l Indeed, the Lie group SU(n + 1) is (up to a
finite quotient) the connected component of the identity of the isometry group the complex
projective space CP", which coincides with the group of holomorphic isometries of CP".
Let H be a connected Lie subgroup of SU(n + 1) acting on CP" with Lagrangian orbits.
By Proposition 2.2] H is abelian. Therefore, H is contained in a maximal torus 7" of the
compact Lie group SU(n + 1). But the action of any maximal torus of SU(n + 1) on CP"
has a fixed point (since by rank reasons 7™ is contained in a maximal proper compact
subgroup U(n) of SU(n + 1), which necessarily fixes a point). Hence, also the H-action has
a fixed point, which contradicts the assumption that all orbits are Lagrangian.

3.2. Homogeneous Lagrangian foliations on complex Euclidean spaces.

We recall first some well-known facts about the isometry group of a Euclidean space R™.
The connected component I°(R"™) of the identity element of the isometry group of R" is
isomorphic to the semi-direct product SO(n) xR™, where ®: SO(n) — Aut(R") is given by
®(a)(v) = av. Hence, the group operation is given by the formula (a, v)(b, w) = (ab, v+aw).
The isometry group of R"™ acts on R™ in the obvious way by (a,v)x = ax + v. The Lie
algebra of I°(R™) is the semi-direct sum so(n) @4 R" where ¢: so(n) — Der(R") is given by
¢(X)(v) = Xv. Thus, the Lie bracket is given by [X +v,Y +w] = XY - Y X + Xw — Y,
and the adjoint representation is Ad(a,v)(X +w) = aXa™! —aXa v + aw.

Now, let us assume that H is a connected Lie subgroup of the group U(n) x¢ C™ of
holomorphic isometries of C™ acting on C" in such a way that all its orbits are Lagrangian.
Of course, U(n) x4 C" is a Lie subgroup of the group I°(C") = SO(2n) x4 C" of orientation-
preserving isometries of C* = R?". From Proposition 2.2, H is abelian. We denote by
m: 50(2n)@,C" — s0(2n) the projection onto the first component, and we define V- = C"Nh
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the pure translational part of h. In particular, note that dimbh = dim7(h) + dim V. We
know that 7 is a Lie algebra homomorphism. Since h is abelian, so is 7(h) C s0(2n). We
define the map
E:mh) = C"oV, X ¢(X),

by the requirement X + £(X) € h. In this subsection, we use the symbol & to denote
orthogonal complement. This map is well-defined because X + &(X), X + ¢(X) € b
implies £(X) — £'(X) = (X 4 (X)) — (X + ¢'(X)) € b, and hence, {(X) = £'(X).

We now follow the approach given in [5, Theorem 2.1]. Since 7(h) is a commuting family
of skew-symmetric endomorphisms, we can define

hr={v € C": X% = —\(X)?v, for each X € 7(h)},

where A € 7(h)* is a 1-form. If ¥ C 7(h)* denotes the set of all non-zero 1-forms A for
which by # 0, then we have the m(h)-invariant orthogonal decomposition

C" = @ hr, where bo= ﬂ ker X.

Aexu{o} Xem(h)

We denote hy = @reshy, the orthogonal complement of by in C", which is also 7(h)-
invariant. In particular, w(h)(C") = by, which implies that 7(h) is isomorphic to an
abelian Lie subalgebra of so(hg).

An element X € 7(h) is called regular if A(X) # 0 for all A € 3. The subset of regular
elements is open and dense in 7(h). If X € w(h) is regular, then ker X = hy. Moreover,
since X is skew-symmetric we have the orthogonal decomposition C" = (ker X') & (Im X).
Thus, Im X = 7(h)(C") = by

Let X € w(h) and v € V. Since b is abelian, we have 0 = [X + &(X),v] = Xw.
Hence, V' C bho. If X, Y € m(h), commutativity implies 0 = [X + £(X), Y + &(Y)] =
XE(Y) - VEX).

Lemma 3.1. There exists ¢ € C" such that £(X) — Xc € b for all X € w(h).

Proof. Let X € m(h) be a regular element. Since C" = (ker X) & (Im X), there exists
¢ € C" such that £(X) — Xc € ker X = hg. Now, let Y € w(h) be arbitrary. Since 7(h) is
abelian,

0= X¢(Y) = YE(X) = XE(Y) = YVXe= X(E(Y) - Yo,
and thus, £(Y) — Ye € ker X = b, as we wanted to show. O

If X € n(h), then Ad(Id,c)(X +£(X)) = X — Xc+ £(X). Moreover Ad(Id,c)(V) =
V' C bo. Therefore, if we define to = &(mw(h)) & V, by Lemma [B.1] and after conjugation by
(Id, ¢), we can assume to C b.

The tangent space of the orbit of H through the origin is precisely To(H - 0) = . By
hypothesis, this orbit is Lagrangian in C". This means that to = R” is a Lagrangian
subspace of C" = v @ itv.

Let v € V and X € 7(h) be a regular element. We consider ¢ € hg- = Im X. Then, there
exists p € C" such that ¢ = Xp. The fact that T,(H - p) and to are totally real, implies
(iv,q) = (iv, Xp) = (iv, Xp+ £(X)) = 0. Hence, iV is orthogonal to by, and thus, CV,
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the complexification of V', satisfies CV' C by. Therefore, CV @ &(m(h)) C bg, and then,
dimbg > 2dim V' + dim &(n(h)).
We have

2n = dim C" = dim by + dim by > 2dim V + dim (7 (h)) + dim by
= dimw + dim V + dim by = n + dim V + dim by,
which implies dim by < n —dim V. On the other hand,
dim7(h) = dimé(n(h)) + dimker € > dim&(n(h)) = dimto —dimV =n — dim V.

The last two inequalities imply dim by < dim 7(h). Now recall that m(h) is isomorphic to
an abelian Lie subalgebra of so(hy ). Then,

1
dim by < dim7(h) < rankso(hy) < 3 dim by

Hence, dim b3 = 0, which implies 7(h) = 0. Therefore h = V = o =2 R", and H acts on
C™ by translations by vectors in a Lagrangian subspace V' of C".

3.3. Homogeneous Lagrangian foliations on complex hyperbolic spaces.

Let H be a connected Lie subgroup of G = SU(1,n) with Lie algebra . Assume that
H induces a homogeneous Lagrangian foliation on CH", n > 2. By Proposition 2.2 b is
abelian. In particular, it is solvable and, as such, it is contained in a maximal solvable
subalgebra of g, which by definition is a Borel subalgebra of g. Thus, there exists a Borel
subalgebra b containing . It turns out that Borel subalgebras of semisimple Lie algebras
are well understood in terms of Cartan subalgebras (see [10] and [§]). There is a Cartan
decomposition g = € p such that b =t@Sadn, where t C ¢, a C p, and tPa is a Cartan
subalgebra of g. Moreover, g5 = {X € g : ad(H)X = MH)X forall H € a}, A € a*, is
a root space with respect to d, 1 is the set of positive roots with respect to a certain
ordering in a, and thus n = @®5.5+05. There are exactly two conjugacy classes of Cartan
subalgebras in g. Indeed, since a is abelian and CH™ has rank one, either a =0, or a =a
is a maximal abelian subspace of p. If a = 0, then b = t is a maximal abelian subalgebra
of €. In this case H would be contained in K. Cartan’s fixed point theorem implies that
the compact Lie group K fixes a point when acting on the Hadamard manifold CH". But
since H C K, H would also have a fixed point, which is not possible because H induces
a foliation by assumption. Therefore a = a, which means that b = t® a @ n is a so-called
maximally non-compact Borel subalgebra. In this case, a @ n coincides, up to conjugation,
with the non-compact part of the Iwasawa decomposition described in §2.1 Hence, we
have proved

Proposition 3.2. If H induces a Lagrangian foliation on CH™, then its Lie algebra b
18, up to conjugation, an abelian subalgebra of a maximally non-compact Borel subalgebra
t ® a ® n with respect to a Cartan decomposition g = € D p, where a is a maximal abelian
subspace of p, and t is a mazximal abelian subalgebra of &.

We now study the projection of h C tGadn onto adn, which we denote by haeyn. Since
H induces a Lagrangian foliation, we get that T,(H - 0) = bag, is a Lagrangian subspace of
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adn = C", where o € CH" is the fixed point of K. As hNtis the kernel of the orthogonal
projection of h onto a @ n, the first isomorphism theorem yields

(3) dim b = dim(h Nt) + dim hug, = dim(h N t) + n.
Now we consider the following linear map
T:bhogn >t (bNY), X Tk,

defined by the requirement Tx + X € h. Here t © (h N t) represents the orthogonal
complement of h Nt in t with respect to By. This map is well-defined because Tx + X,
Ty +X ebimplies Tx —Tx = (Ix +X)— (T% +X) € hnt, and so, Tx = T%. It is also
easy to see that T is linear.

We now distinguish two cases: the projection of fh onto a @ go, is either a @ go,, or
strictly contained in a @ go,.

Case (i): the orthogonal projection of h onto a @ gs, is surjective. In this case we
have haen = R(B+X)®w@R(Y + Z), with w a subspace of g,, and X, Y € g, St. From
now on, the symbol & denotes orthogonal complement with respect to the inner product
(-,-) on a @ n.

Recall that buq, is Lagrangian in a @ n. Hence, o is totally real in g, = C" !, and for
each U € w we have 0 = (J(B+ X),U) = (JX,U) and 0 = (J(Y + Z),U) = (JY,U).
This implies v C g, © (CX + CY'). Moreover,

(4) 0=(J(B+X),Y+7Z)=1+(JXY),

which in particular implies that X # 0 # Y. Thus, since dim §aq, = n, we have CX = CY’,
and tv is Lagrangian in g, © CY = C"2. From (4, we can write

X =1Y + JY,

1
T
for some v € R. Let U € . If S € h Nt is arbitrary, and taking into account that b
is abelian, we get 0 = [S, Ty + U] = [S,U] and 0 = [S, Ty z + Y + Z] = [S,Y]. Using
Lemma [2.1] this implies 0 = [hNt, Cro B CY| = [hNt, g, ). Since the connected Lie subgroup
Ko = U(n —1) of G with Lie algebra £, = u(n — 1) acts effectively on g, = C"!, we must
have h Nt = 0. In particular, dimbh = n by ().

In order to simplify notation we write

Our next aim is to calculate [Tz, JY]. Let U € w. The fact that b is abelian yields
0=[Tv+UTz+Y + Z] = [Ty,Y] — [T2,U], and taking inner product with Y we get
([T7,JY],JU) = ([Tz,Y],U) = 0. Using this, together with the facts that b is abelian and
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Y € g, © Cw, we obtain

1 1
0=(|Tp+B+9Y + TAEAL Ty + U], ¥) = ~([T5,Y],U) - T 7Y V)
1 1
0= <[TB FB Y oY, TZ+Y+Z] U) = ([T, Y}.U) = (T Y] U),
0={(Ty+U, Ty +Y + Z), JY) = —([Ty, JY],Y) + ([T, JY],U),
which imply ([Tz, JY],U) = <[TU, JY,Y)=([Tp,Y],U) = 0. Similarly,
1 1
0=(|Tpg+B+Y +——=JY, T, +Y +Z|,Y)=_||Y|* - ([T7,JY],Y)
[ IIYII2 ] 2 1Y]?
vields ([Tz, JY],Y) = |Y||*/2. These calculations imply
Y 2
5) r,.0v] = 2Ly,

Let g = Exp(2JY/||Y]|?) € AN. We estimate the dimension of (Ad(g)h)epn. Using the
formula for the brackets in a @ n, together with (), we get

2
Ty, JY] =272 + ——=([T7,JY],Y)Z =Ty,
Y2 Y]
which has trivial projection onto a @ n. Since dim Ad(g)h = dimbh = n, we deduce that
dim(Ad(g)h)agn < n — 1. But (Ad(g)h)aen is isomorphic to the tangent space of the orbit
of H through g=1(0), so we get an orbit whose dimension is not n; in particular, it is not
Lagrangian. Case (i) is therefore impossible.

Ad(g)(Tz+Y +2)=Tz+Y + 7 —

Case (ii): the orthogonal projection of h onto a®g,, is not surjective. In this case
we have hogn = R(aB + X + 2Z) ® to with a,x € R, to a subspace of g,, and X € g, © 1.

Since haan is a Lagrangian subspace of a & n = C” it is clear that to is totally real in
go = C* L. But then, since dim haq, = n by hypothe51s we need to to be Lagrangian in g,
and aB +X +xZ # 0. Moreover, the Lagrangian condition implies that for each U € to we
have 0 = (J(aB+ X +x2Z),U) = —(X, JU), that is, X is orthogonal to Jto. Since it is also
orthogonal to tv, and tv is Lagrangian in g,, we get X = 0. Thus, aB+xZ # 0. Assume first
that @ # 0. Let U € to. Since h and t@ a are abelian, 0 = 2[T,py,z + aB+ 22, Ty + U] =
2[T,5+2z,U] + aU. Equivalently, (2ad(Typi.z) + ald)(U) = 0. Since ad( QBHZ) is a
skew-symmetric endomorphism of g,, —a/2 € R\ {0} cannot be one of its eigenvalues.
Therefore, U = 0. Since n > 2 we would get tv = 0, which is a contradiction with the fact
that o is Lagrangian in g,. All in all this means that a = 0.

Therefore we get © # 0 and ©Z € bagn. Thus, haegn = 10 D go,. We will actually show
that h = 10 @ go,, from where the Main Theorem follows.

IfSepntand U € w, then 0 = [S,Ty + U] = [, U], and hence [hN ¢, w] = 0. Since to
is Lagrangian in g,, Lemma 2] ensures that [h Nt, g,] = 0. But the action of Ky on g, is
effective, so this implies h Nt = 0, and thus, dim h = n by ().
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We prove that T = 0. For each U € to we have 0 = Iy + U, Ty + Z] = —[Iz,U]. From
Lemma [2.T] this implies ad(77)g, = ad(77)Crw = 0, and since the action of Kj is effective
on go, we get T, = 0. In particular Z € b.

Given U, V € w we have 0 = [Ty + U, Ty + V] = [Ty, V] — [Tv,U]. Hence, for U, V,
W € 1w we get

<[TU7 V], W> = —<V, [TUv W]) = —<V, [TWv U]> = <[TW7 V], U> = <[TV7 W]? U>
= _<[TV> U]a W> = _<[TU> V]’ W>>
from where it follows that ([T, V], W) = 0, or equivalently, [Ty, V] € g, ©to = Jro. Using

Lemma 2] this implies [JV, Ty] = J[V, Ty] € w. Therefore, for each W € to we can define
the endomorphism of 1o

Py o — to, U+— [JVV,TU]
This map Py is self-adjoint. Indeed,
(Pw (U),V) = {[JW,Ty], V) = (JW, [Ty, V])
= (JW, [Ty, U]) = ([JW,Tv], U) = (2w (V), U).

Therefore, by the spectral theorem, @y is diagonalizable with real eigenvalues.

We will show that &y, = 0 for all W € w. On the contrary, assume that ®y # 0 for
some non-zero W € to. Then there exists an eigenvector V' € to with a non-zero eigenvalue
A € R, that is, [JW,Ty] = @y (V) = AV. Let g = Exp(—3JW) € AN. Then,

1
Ad(g) (Tv V=W V>Z)
1 1 1 1
=Ty +V — 5<W’ VVZ — X[JVV,TV] + X<VV7 V)Z — wmfa [JW,Tv])Z =Ty

has trivial projection onto a @ n. Since n = dim b = dim Ad(g)h we get dim(Ad(g)h)aen <
n — 1. Thus, the orbit of H through g~'(0) would not be a Lagrangian submanifold,
which contradicts the assumption that H induces a homogeneous Lagrangian foliation.
Therefore @y, = 0 for all W € to, which, by Lemma 2.1 and the fact that Cro = g,,
implies ad(Ty)(ga) = 0 for all U € w. Since K, acts effectively on g,, we get Ty = 0 for
all U € w. Therefore h = 10 @ go,.

Finally, it follows from the bracket relations of a @ n that to @ gs, is an ideal of a ® n.
Hence, for each g € AN, Ad(g)h = b, and thus, gHg~* = H. Since AN acts transitively
on CH" and H - g~ '(0) = g7 (gHg ' -0) = g7'(H - 0) for all g € AN, this implies that the
Lie subgroup H of G = SU(1,n) whose Lie algebra is h = 10 @ go,, where tv is a Lagrangian
subspace of g,, acts on CH" in such a way that all its orbits are congruent to each other.
But 7T,(H - 0) = b is a Lagrangian subspace of T,CH™ = a @ n, and since H is made of
holomorphic isometries, we get that H - o0, and therefore all other H-orbits, are Lagrangian
submanifolds. See [7] for further details.

This concludes the proof of the Main Theorem.
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