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HYPERPOLAR HOMOGENEOUS FOLIATIONS
ON SYMMETRIC SPACES OF NONCOMPACT TYPE

JURGEN BERNDT, JOSE CARLOS DIAZ-RAMOS, AND HIROSHI TAMARU

ABSTRACT. A foliation F on a Riemannian manifold M is hyperpolar if it admits a flat
section, that is, a connected closed flat submanifold of M that intersects each leaf of F
orthogonally. In this article we classify the hyperpolar homogeneous foliations on every
Riemannian symmetric space M of noncompact type.

These foliations are constructed as follows. Let ® be an orthogonal subset of a set of
simple roots associated with the symmetric space M. Then ® determines a horospherical
decomposition M = Fg X RErank M=|®[ » Ng  where F§ is the Riemannian product of
|®| symmetric spaces of rank one. Every hyperpolar homogeneous foliation on M is
isometrically congruent to the product of the following objects: a particular homogeneous
codimension one foliation on each symmetric space of rank one in Fg, a foliation by parallel
affine subspaces on the Euclidean space E*"*M~I®l and the horocycle subgroup Ng of
the parabolic subgroup of the isometry group of M determined by ®.

1. INTRODUCTION

Let M be a connected complete Riemannian manifold and H a connected closed subgroup
of the isometry group I(M) of M. Then each orbit H -p = {h(p) : h € H}, p € M, is
a connected closed submanifold of M. A connected complete submanifold & of M that
meets each orbit of the H-action and intersects the orbit H - p perpendicularly at each
point p € S is called a section of the action. A section S is always a totally geodesic
submanifold of M (see e.g. [T1]). In general, actions do not admit a section. The action of
H on M is called polar if it has a section, and it is called hyperpolar if it has a flat section.
For motivation and classification of polar and hyperpolar actions on Euclidean spaces
and symmetric spaces of compact type we refer to the papers by Dadok [7], Podesta and
Thorbergsson [23], and Kollross [18], [19]. If all orbits of H are principal, then the orbits
form a homogeneous foliation F on M. In general, a foliation F on M is called homogeneous
if the subgroup of I(M) consisting of all isometries preserving F acts transitively on each
leaf of F. Homogeneous foliations are basic examples of metric foliations. A homogeneous
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foliation is called polar resp. hyperpolar if its leaves coincide with the orbits of a polar
resp. hyperpolar action.

An action of the Euclidean space E™ is polar if and only if it is hyperpolar. An example
of a polar homogeneous foliation on E™ is the foliation given by the Euclidean subspace
E* 0 < k < n, and its parallel affine subspaces. A corresponding section is given by the
Euclidean space E"* which is perpendicular to E* at the origin 0. In fact, every polar
homogeneous foliation on E” is isometrically congruent to one of these foliations. The
main result of this paper is the classification of all hyperpolar homogeneous foliations on
Riemannian symmetric spaces of noncompact type. For codimension one foliations this
was already achieved by the first and third author in [4]. We mention that on symmetric
spaces of compact type every hyperpolar action has a singular orbit, and there is no relation
between such actions using duality between symmetric spaces of compact and noncompact
type. The methodology for the classification presented in this paper is significantly different
from the known methodologies in the compact case. Our methodology is conceptual and
based on structure theory of parabolic subalgebras of real semisimple Lie algebras which
is irrelevant in the compact case.

We will see that these foliations can be constructed from rather elementary foliations
on Euclidean spaces and the hyperbolic spaces over normed real division algebras. We
first describe these elementary foliations. Each Riemannian symmetric spaces of rank one
is a hyperbolic space FH™ over a normed real division algebra F € {R,C,H, O}, where
n>2,and n =2 if F = O. It was proved in [5] that on each hyperbolic space FH™ there
exist exactly two isometric congruency classes of homogeneous codimension one foliations.
One of these two classes is determined by the horosphere foliation on FH"™. We denote by
Fi a representative of the other congruency class, and refer to Section [ for an explicit
description. If M = F;H™ x ... x F,H™ is the Riemannian product of £ Riemannian
symmetric spaces of rank one, then Fg' x ... x Fr . is a hyperpolar homogeneous foliation
on M. If V is a linear subspace of E™, we denote by F{' the homogeneous foliation
on E™ whose leaves are the affine subspaces of E™ which are parallel to V. We will now
explain how these particular foliations lead to the classification of hyperpolar homogeneous
foliations on Riemannian symmetric spaces of noncompact type.

Let M = G/K be a Riemannian symmetric space of noncompact type, where G is the
connected component of the isometry group of M containing the identity transformation.
We denote by r the rank of M. The Lie algebra g of GG is a semisimple real Lie algebra. Let
t be the Lie algebra of K, g = €®p be a Cartan decomposition of g, a be a maximal abelian
subspace of p, and go® (@ rex @ A) be the corresponding restricted root space decomposition
of g. The set X denotes the corresponding set of restricted roots. We choose a subset A C X
of simple roots and denote by T the resulting set of positive restricted roots in X. It is
well known that there is a one-to-one correspondence between the subsets ® of A and the
conjugacy classes of parabolic subalgebras q4 of g. Let ® be a subset of A and consider the
Langlands decomposition q¢ = me @ ag & ng of the corresponding parabolic subalgebra
ge of g. This determines a corresponding Langlands decomposition Q¢ = MgAeNg of
the parabolic subgroup Q¢ of G with Lie algebra q¢ and a horospherical decomposition



M = F§ x E"=" x Ng of the symmetric space M. Here, rg is equal to the cardinality |P|
of the set ®, F§ = Mg -0 is a semisimple Riemannian symmetric space of noncompact type
with rank equal to re embedded as a totally geodesic submanifold in M, and E"™™"® = Ag-0
is an (r — rg)-dimensional Euclidean space embedded as a totally geodesic submanifold
in M. Now assume that ® is a subset of A with the property that any two roots in ®
are not connected in the Dynkin diagram of the restricted root system associated with A.
We call such a subset ® an orthogonal subset of A. Each simple root a € ® determines
a hyperbolic space F,H"* embedded in M as a totally geodesic submanifold, and Fj is
isometric to the Riemannian product of re Riemannian symmetric spaces of rank one,

Fy = [[FaH™.
acd
We denote by Fg the hyperpolar homogeneous foliation on this product of hyperbolic
spaces as described above, that is,

Fo = H fn:
acd
We are now in a position to state the main result of this paper.

Main Theorem. Let M be a connected Riemannian symmetric space of noncompact type.
(i) Let ® be an orthogonal subset of A and V' be a linear subspace of E'~"®. Then

Fov=FoXF, " xNp CFygxE ™™ x No =M

is a hyperpolar homogeneous foliation on M.
(ii) Every hyperpolar homogeneous foliation on M is isometrically congruent to Fo v
for some orthogonal subset ® of A and some linear subspace V' of E'~"®,

For & = () the symmetric space Fj consists of a single point and we need to assume
that dim V' < r in this case to get a proper foliation. The foliation JFy 1oy is the horocycle
foliation on M.

We briefly describe how to construct a subgroup of G whose orbits form the foliation
Fo,v. Since Ag acts freely on M and E"™"® = Ag - o, there is a canonical identification
of E"~"® with the Lie algebra ap C a. We define a nilpotent subalgebra n of g by n = ny
and put a = ag. Then the closed subgroup AN of G with Lie algebra a ¢ n acts simply
transitively on M, and M is isometric to the solvable Lie group AN equipped with a
suitable left-invariant Riemannian metric. Let /g be an re-dimensional linear subspace of
n such that dim(fp N g,) = 1 for all & € . We denote by a® the orthogonal complement
of ag in a and by n & lg the orthogonal complement of ¢4 in n. Here, the orthogonal
complement is taken with respect to the standard positive definite inner product on g
given by the Killing form on g and the Cartan involution on g determined by €. Then

sey=(a*@V)®(nSls) Cadn

is a subalgebra of a @ n. Denote by Sgy the connected closed subgroup of AN with Lie
algebra sg . Then the action of Sg 1 on M is hyperpolar and the orbits of this action
form the hyperpolar homogeneous foliation Fgy on M. We will see later in this paper



that for a given set ® different choices of /4 lead to isometrically congruent foliations on
M.

We now describe the contents of this paper in more detail. In Section [2] we show that all
homogeneous foliations on Hadamard manifolds can be produced by isometric actions of
solvable Lie groups all of whose orbits are principal. In Section [3] we present the aspects of
the general theory of symmetric spaces of noncompact type and of parabolic subalgebras
of real semisimple Lie algebras which are relevant for our paper. In Section 4l we prove a
necessary and sufficient Lie algebraic criterion for an isometric Lie group action inducing
a foliation on a symmetric space of noncompact type to be polar or hyperpolar. Using this
criterion we present examples of polar and of hyperpolar actions on symmetric spaces of
noncompact type. In this section we also prove part (i) of the main theorem, which is the
easiest part of the proof. Section [ constitutes the main part of this paper and contains
the proof of part (ii) of the main theorem. Finally, in Section [@] we discuss aspects of the
geometry of the leaves of the hyperpolar homogeneous foliations on symmetric spaces of
noncompact type.

2. HOMOGENEOUS FOLIATIONS ON HADAMARD MANIFOLDS

A simply connected complete Riemannian manifold with nonpositive sectional curvature
is called a Hadamard manifold.

Proposition 2.1. Let M be a Hadamard manifold and H be a connected closed subgroup
of I(M) whose orbits form a homogeneous foliation on M. Then each orbit of H is a
principal orbit.

Proof. Assume that there exists an exceptional orbit, that is, a non-principal orbit whose
dimension coincides with the dimension of the principal orbits. Let K be a maximal
compact subgroup of H. By Cartan’s Fixed Point Theorem (see e.g. [9], p. 21), K has a
fixed point 0 € M. Since K is maximal compact, the orbit through o must be exceptional
and K = H,. Then H -0 = H/K is diffeomorphic to R¥, where k is the dimension of
the foliation (see for example [22, p. 148, Theorem 3.4]). Since the orbit H - o is simply
connected, the stabilizer K is connected. The cohomogeneity of the slice representation at
o coincides with the cohomogeneity of the action of H on M, and since all the orbits of
H have the same dimension it follows that the orbits of the slice representation at o are
zero-dimensional. Since K is connected, it follows that the orbits of the slice representation
at o are points. This means that K acts trivially on the normal space v,(H - 0) of H -0 at
o, which contradicts the assumption that the orbit H - o is exceptional. O

We will now use the previous result to show that every homogeneous foliation on a
Hadamard manifold can be realized as the orbits of the action of a closed solvable group
of isometries.

Proposition 2.2. Let M be a Hadamard manifold and let H be a connected closed subgroup
of I(M) whose orbits form a homogeneous foliation F on M. Then there exists a connected
closed solvable subgroup S of H such that the leaves of F coincide with the orbits of S.



Proof. Consider a Levi-Malcev decomposition h = [ € t (semidirect sum of Lie algebras)
of the Lie algebra h of H into the radical ¢ of h and a Levi subalgebra [. The radical ¢ is
the largest solvable ideal in f and [ is a semisimple subalgebra. Let [ = ¢ ® a & n (direct
sum of vector spaces) be an Iwasawa decomposition of [. Then a is an abelian subalgebra
of [, n is a nilpotent subalgebra of [, and 0 = a & n (semidirect sum of Lie algebras) is
a solvable subalgebra of . Since the semidirect sum of two solvable Lie algebras is again
solvable, the subalgebra s = 0 & t (semidirect sum of Lie algebras) is a solvable subalgebra
of h, and we have h = €@ s (direct sum of vector spaces). Let S be the connected solvable
subgroup of H with Lie algebra s and let K be the connected subgroup of H with Lie
algebra €. Since M is a Hadamard manifold, Cartan’s Fixed Point Theorem implies that
the compact group K has a fixed point 0 € M. Since H = SK, it follows that the orbits
H -0 and S - o coincide.

By Proposition .11, the orbit H - o is a principal orbit of the H-action. Let p be a point
in M which does not lie on the principal orbit H - 0. Since H - o0 is a closed subset of
M, there exists a point ¢ € H - o such that the distance ¢t between p and ¢ minimizes the
distance between p and H - 0. Since M is complete there exists a geodesic joining ¢ and
p, and a standard variational argument shows that this geodesic intersects the orbit H - o
perpendicularly. This proves that every orbit of H is of the form H - p with p = exp,(§)
and £ € v,(H - 0). Since H - 0 is a principal orbit of the H-action on M and S C H, the
slice representation at o of each of these two actions is trivial. This fact and H-0= 5 -0

imply
S-p = {s(exp,(§)) : s € S5} = {expy()(s:€) - s € 5}
= {expy)(heg) - h € H} = {h(exp,(§)) : h € H} = H - p,

which shows that the actions of S and H are orbit equivalent.

Since S is solvable, its closure S in I(M) is a closed solvable subgroup of I(M) (see e.g.
[21], p. 54, Theorem 5.3). Since the actions of S and H are orbit equivalent, the orbits of
S are closed, and hence by [8], the actions of S and S are orbit equivalent. This finishes
the proof of the proposition. 0J

3. RIEMANNIAN SYMMETRIC SPACES OF NONCOMPACT TYPE

In this section we present some material about Riemannian symmetric spaces of non-
compact type. We follow [13] for the theory of symmetric spaces and [I5] for the theory of
semisimple Lie algebras.

Let M be a connected Riemannian symmetric space of noncompact type. We denote by
n the dimension of M and by r the rank of M. It is well known that M is a Hadamard
manifold and therefore diffeomorphic to R™. Let G be the connected component of the
isometry group of M containing the identity transformation of M. We fix a point 0 € M
and denote by K the isotropy subgroup of G at o. We identify M with the homogeneous
space G /K in the usual way and denote by g and £ the Lie algebra of G and K, respectively.
Let B be the Killing form of g and define p as the orthogonal complement of £ with respect
to B. Then g = £ @ p is a Cartan decomposition of g. If € is the corresponding Cartan



involution, we can define a positive definite inner product on g by (X,Y) = —B(X,0Y")
for all X,Y € g. We identify p with 7T, M and we normalize the Riemannian metric on M
so that its restriction to T,M x T,M = p x p coincides with (-, -).

We now fix a maximal abelian subspace a C p and denote by a* the dual space of
a. For each A\ € a* we define gy = {X € g : ad(H)X = \NH)X forall H € a}. We
say that 0 # X\ € a* is a restricted root if g, # {0}, and we denote by ¥ the set of
all restricted roots. Since a is abelian, ad(a) is a commuting family of self-adjoint linear
transformations of g. This implies that the subset ¥ C a* of all restricted roots is nonempty;,
finite and g = go ® (P, 92) is an orthogonal direct sum called the restricted root space
decomposition of g determined by a. Here, go = €, ® a, where £y = Z;(a) is the centralizer
of ain €. For each A € a* let H) € a denote the dual vector in a with respect to the Killing
form, that is, A\(H) = (H,, H) for all H € a. This also defines an inner product on a* by
setting (A, u) = (Hy, H,) for all A\, u € a*.

We now introduce an ordering in ¥ and denote by X% the resulting set of positive roots.
We denote by A = {ay, ..., .} the set of simple roots of X7 in line with the notation used
in [15]. By {H",..., H"} C awe denote the dual basis of {a, ..., a,}, that is, a;(H7) = 67,
where ¢ is the Kronecker delta. Then each root A € ¥ can be written as A = 22:1 C; 0y
where all the ¢; are integers, and they are all nonpositive or nonnegative depending on
whether the root is negative or positive. The sum »_, ¢; is called the level of the root.

The subspace n = @, s+ gx of g is a nilpotent subalgebra of g. Moreover, a @ n is
a solvable subalgebra of g with [a @ n,a & n] = n. We can write g as the direct sum of
vector subspaces g = £ @ a @ n, the so-called Iwasawa decomposition of g. Let A, N and
AN be the connected subgroups of G with Lie algebra a, n and a @ n, respectively. All
these subgroups are simply connected and G is diffeomorphic to the product K x A x N.
Moreover, the solvable Lie group AN acts simply transitively on M. Hence M is isometric
to the connected, simply connected solvable Lie group AN equipped with the left-invariant
Riemannian metric that is induced from the inner product (-, -). Consider X,Y,Z € a®n
as left-invariant vector fields on M. If V denotes the Levi-Civita covariant derivative of
M = AN, the equality (ad(X)Y,Z) = —(ad(6X)Z,Y) implies that the Koszul formula
can be written as

2VY, Z) = ([X,Y] + (1 - 0)[0X,Y], 2).

We will now associate to each subset ® of A a parabolic subalgebra q¢ of g. Let ® be a
subset of A. We denote by ¥4 the root subsystem of ¥ generated by ®, that is, Y¢ is the
intersection of ¥ and the linear span of ®, and put ¥ = X N X+, Let

o= g0 (@gx) wdne— @ o
DY AeE*\Z;ﬁ

Then [ is a reductive subalgebra of g and ng is a nilpotent subalgebra of g. Let

ap = ﬂkera and a® = a6 as.
acd



Then ag is an abelian subalgebra of g and l¢ is the centralizer and the normalizer of ag
in g. The abelian subalgebra ag is also known as the split component of the reductive Lie
algebra [g. Since [lp, ng] C ng,

qo = lp © ng

is a subalgebra of g, the so-called parabolic subalgebra of g associated with the subset ®
of A. The subalgebra [ = q¢ N 6(qe) is a reductive Levi subalgebra of q¢ and ng is the
unipotent radical of q¢, and therefore the decomposition q¢ = lp ® ne is a semidirect sum
of the Lie algebras [¢ and ng. The decomposition q¢ = I @ ng is known as the Chevalley
decomposition of the parabolic subalgebra qg.

We now define a reductive subalgebra mg of g by

m¢:[¢@a¢:{30@a¢@<@gx)~

AEX S

The subalgebra mg normalizes ag P ng, and

do = [m¢,mq>] = [[<1>, [c1>]

is a semisimple subalgebra of g. The center 3¢ of mg is contained in €, and induces the
direct sum decomposition mg = 3¢ & ge. The decomposition

o = Mg O ap O e

is known as the Langlands decomposition of the parabolic subalgebra qe.

For ® = () we obtain [y = go, mg = £, ag = a and ng = n. In thiscase qp = B adn =
go ® n is a minimal parabolic subalgebra of g. For ® = A we obtain [, = m, = g and
ay = ny = {0}. Each parabolic subalgebra of g is conjugate in g to q¢ for some subset ® of
A. The set of conjugacy classes of parabolic subalgebras of g therefore has 2" elements. T'wo
parabolic subalgebras q¢, and qg, of g are conjugate in the full automorphism group Aut(g)
of g if and only if there exists an automorphism F' of the Dynkin diagram associated to A
with F'(®1) = ®5. Every parabolic subalgebra contains a minimal parabolic subalgebra.

Each parabolic subalgebra qo determines a gradation of g. For this we define H® =
Z%EA\@ H® and put gk = @/\ezu{o}vA(Hé):k gx. Then g = @, ., g5 is a gradation of g with
99 = lo, @005 = ne and @, 95 = go. The vector H® € a is called the characteristic
element of the gradation. The Cartan involution # acts grade-reversing on the gradation,
that is, we have fgk = g;k for all £ € Z. Moreover, this gradation is of type «g, that
is, ght! = [gh, 05] and g5""' = [g5", 95"] holds for all k& > 0 (see e.g. [14]). If X is the
highest root in X and mge = A(H?®), we have gi® # {0} and g§ = {0} for all ¥ > mg. For
® = () we have ny = n, and we also use the notation n* = gg for all £ > 0. Thus we have
a gradation n = @, n* of n which is generated by n'. Note that my is the level of the
highest root in X*. For each k > 0 we define

pF=pn(gsdg,"),

which gives a direct sum decomposition p = a @ (@, p*).



For each A € ¥ we define

g, =tN (g)\ @g_)\) and py=pnN (g)\ @g_)\).

Then we have py =p_,, &, =¢_, and p) D&, = g\ D g_, for all A € X. It is easy to see
that the subspaces

pq>=l¢ﬂp=a€9<@m> andp%zmq»ﬂp:g@ﬁp:aq’@(@m)

AEX S PYSHIF

are Lie triple systems in p. We define a subalgebra €4 of £ by

Eq>:q¢ﬁéz[¢ﬁézm¢ﬁ{%:{30®(@EQ.

AEX S

Then go = (go N ts) @ p5 is a Cartan decomposition of the semisimple subalgebra g of
g and a® is a maximal abelian subspace of pg. If we define (gs)o = (go N &) ® a®, then
g = (g0)o @ (@Ae% g)) is the restricted root space decomposition of ge with respect to
a® and ® is the corresponding set of simple roots. Since me = 30 ® go and 36 C £, we see
that ga N EO = EO O 30.

We now relate these algebraic constructions to the geometry of the symmetric space M.
Let ® be a subset of A and rg = |®|. We denote by Ag the connected abelian subgroup of
G with Lie algebra ag and by Ng the connected nilpotent subgroup of G with Lie algebra
ng. The centralizer Lo = Zg(ag) of ag in G is a reductive subgroup of G with Lie algebra
. The subgroup Ag is contained in the center of Lg. The subgroup Le normalizes Ng
and Q¢ = L Ng is a subgroup of G with Lie algebra qe. The subgroup (¢ coincides with
the normalizer Ng(lp @ ng) of [ & ng in G, and hence Qg is a closed subgroup of G. The
subgroup Q¢ is the parabolic subgroup of G associated with the subsystem ® of A.

Let G be the connected subgroup of G with Lie algebra ge. Since ge is semisimple,
G¢ is a semisimple subgroup of GG. The intersection K¢ of Le and K, i.e. Ko = Lo N K,
is a maximal compact subgroup of Lg and €4 is the Lie algebra of Kg. The adjoint group
Ad(Lg) normalizes g, and consequently Mg = KeGg is a subgroup of Lg. One can show
that Mg is a closed reductive subgroup of Lg, Kg is a maximal compact subgroup of Mg,
and the center Zg of Mg is a compact subgroup of Kg. The Lie algebra of Mg is mg and
Lg is isomorphic to the Lie group direct product Mg X Ag, i.e. Ly = Mg X Ag. For this
reason Ag is called the split component of Lg. The parabolic subgroup Q¢ acts transitively
on M and the isotropy subgroup at o is Kg, that is, M = Q¢ /Ke.

Since go = (go Nty) ®pj is a Cartan decomposition of the semisimple subalgebra gg, we
have [p5, p5] = g0 N Ee. Thus G is the connected closed subgroup of G with Lie algebra
[p%, p5] @ ps. Since pj is a Lie triple system in p, the orbit F§ = Gg - 0 of the Gg-action
on M containing o is a connected totally geodesic submanifold of M with T,F3 = pg. If
® = (), then Fy = {0}, otherwise F} is a Riemannian symmetric space of noncompact type
and rank(F3) = re, and

F(;,:G@'O:G@/(G(I)HKQ)):MQ'O:MQ/Kq).



The submanifold F3 is also known as a boundary component of M in the context of the
maximal Satake compactification of M (see e.g. [6]).

Clearly, ag is a Lie triple system as well, and the corresponding totally geodesic sub-
manifold is a Euclidean space

E™" = Ag - 0.

Since the action of Ag on M is free and Ag is simply connected, we can identify E'~"* Ag
and ag canonically. This identification will be used throughout this paper.

Finally, ps = p3 @ ae is a Lie triple system, and the corresponding totally geodesic
submanifold Fg is the symmetric space

F¢:L¢~O:L¢/K¢:(M¢ XA@)/KCDIF;) wx Er—re.

The submanifolds Fp and F§ have a natural geometric interpretation. Denote by
C*(A) C a the closed positive Weyl chamber which is determined by the simple roots
A. Let Z be nonzero vector in C*(A) such that a(Z) = 0 for all @ € ® and a(Z) > 0 for
all « € A\ ®, and consider the geodesic vz(t) = Exp(tZ) - 0 in M with v2(0) = o and
47(0) = Z. The totally geodesic submanifold Fg is the union of all geodesics in M which
are parallel to vz, and F3 is the semisimple part of Fg in the de Rham decomposition of
Fg (see e.g. [9], Proposition 2.11.4 and Proposition 2.20.10).

The group Qg is diffeomorphic to the product Mg x Ag X Ng. This analytic diffeomor-
phism induces an analytic diffeomorphism between Fj x E"™"® x Ng and M known as a
horospherical decomposition of the symmetric space M.

4. POLAR AND HYPERPOLAR FOLIATIONS

We first prove an algebraic characterization of polar actions and of hyperpolar actions
on Riemannian symmetric spaces of noncompact type (see also Proposition 4.1 in [19]),
and then present some examples.

Theorem 4.1. Let M = G/K be a Riemannian symmetric space of noncompact type and
H be a connected closed subgroup of G whose orbits form a homogeneous foliation F on
M. Consider the corresponding Cartan decomposition g =€ ® p and define

by ={¢€p:(£,Y)=0 forallY € b}.
Then the following statements hold:
(i) The action of H on M 1is polar if and only if bpl 1s a Lie triple system in p and b
is orthogonal to the subalgebra [b, by @ by of g.
(i) The action of H on M is hyperpolar if and only if by is an abelian subspace of p.
In both cases, let Hy- be the connected subgroup of G with Lie algebra [by, by @ by . Then
the orbit S = Hy - 0 is a section of the H-action on M.

Proof. Statement (ii) is an obvious consequence of statement (i). So we proceed with
proving (i).

If the action of H on M is polar, then bpl is a Lie triple system by definition of a polar
action. We now assume that pr is a Lie triple system. We have to show that the action



of H on M is polar if and only if b is orthogonal to [h,,by] @ b,. Since by is a Lie
triple system, the orbit S = le -0 is a connected complete totally geodesic submanifold
of M. Let p be a point in M which does not lie on the orbit H - 0. Since H - o is a closed
submanifold of M, there exists a point ¢ € H - o such that the distance between p and ¢
is equal to the distance between p and H - 0. Since M is complete, there exists a geodesic
in M from p to ¢ such that the distance from p to ¢ can be measured along this geodesic.
A standard variational argument shows that this geodesic intersects H - o perpendicularly.
It follows now easily that S intersects each orbit. Since H induces a foliation, it therefore
remains to show that T,(H - p) and T,S are orthogonal for each p € S if and only if b is
orthogonal to [by, by| @ by

Let v be the geodesic in S with y(0) = 0 and 4(0) = £ € b2, and assume that & # 0.
For X € hand n € f)pL we denote by X* and n* the Killing vector fields on M that are
induced from X and 7, respectively. Then we have

Ty (H -~(t)) ={X3 : X € b}, TS ={nlyy :n€by}.

The restrictions of two such Killing vector fields X* and n* to v satisfy the equation

G O m0) = (€ XNy + (XL = =200 ),

using the facts that [£*, X*] = —[¢, X]* and [€*,n*] = —[¢,n]*, and that ad() is a self-
adjoint endomorphism on g. From this it easily follows that b is orthogonal to [h;, by ] @by
if T,,(H - p) and T,,S are orthogonal for each p € S. Conversely, assume that § is orthogonal
to [hy, by] @ b, Then, for each X € b, the restriction X7 of the Killing vector field X*
to 7 is the Jacobi vector field along « with initial values X3(0) = X; = X, € b, and
(X2)(0) = [§*, X*], = —[¢, X5 = —[§, X], € by. Here the subscript indicates orthogonal
projection onto p. Since both initial values are in h, = 1,5, it follows that X7 takes
values in the normal bundle of S along ~. This implies that T (H - y(t)) and TS
are orthogonal for each ¢ € R. Since this holds for each geodesic v in & with (0) = o
and ¥(0) = ¢ € b#, ¢ # 0, we conclude that T),(H - p) and T,S are orthogonal for each
pES. O

We will use the previous result to show polarity and hyperpolarity of certain actions.

Proposition 4.2. Let M be a Riemannian symmetric space of noncompact type and con-
sider a horospherical decomposition F§ x E'~"® X Ng of M. Let V be a linear subspace of
E™="® and assume that (P, V) # (0,E"). Then the action of V- x Ng C Ap X Ng on M is
polar and F§ x (E'="* ©V) is a section of this action. Moreover, the action of V X Ng on
M is hyperpolar if and only if ® = 0.

Proof. The subspace (V @ng)y = pe OV of p is a Lie triple system and F§ x (E™"* o V) is
the connected complete totally geodesic submanifold of M corresponding to pe © V. Next,
we have [(V @ ng)y, (V@ ng)y] = [pe ©V,ps ©V] C ks C mg, and since mg is orthogonal
to ag @ ne, We see that V @ ng is orthogonal to [(V ®ng),, (V @ ns), | @ (V @ ng), . Since
Agp X Ng acts freely on M, it is clear that V' x Ng induces a foliation on M. From Theorem
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41l we conclude that the action of V' x Ng on M is polar and that Fj x (E~" & V)
is a section of the action. The statement about hyperpolarity follows from the fact that
F; x (E=" o V) is flat if and only if & = 0. O

The previous result provides examples of polar actions which are not hyperpolar on
each Riemannian symmetric space of noncompact type with rank > 2. It is worthwhile
to compare this with the results by Kollross [19] that in the compact case polar actions
are in general hyperpolar. Special cases of these actions on Hermitian symmetric spaces
of noncompact type have also been discussed by Kobayashi [16] in the context of strongly
visible actions on complex manifolds.

Remark 4.3. Let M be a symmetric space of noncompact type with the property that
its restricted root system contains two simple roots of the same length which are not
connected in the Dynkin diagram. The following example illustrates that the condition
in Theorem [4.1] (i) that b is orthogonal to [f)j, bpl] @ f)pL is necessary for polarity. Let us
consider h = (a © R(H, — Hp)) ® (n © R(X, + Xj3)), with o and [ two simple roots of
the same length which are not connected in the Dynkin diagram, and X, € g, Xg € gg
unit vectors. In order to prove that this is indeed a subalgebra, by the properties of root
systems it suffices to show that [H, X, — Xjs] € b for any H € a © R(H,, — Hg) (because
(Xo+ Xg, Xo — Xj5) =0). However, if H € acR(H, — Hg) we have a(H) = 3(H), which
implies [H, X, — Xg] = a(H)(X, — X;3) € b as desired.

By construction we have by = R(Hy — Hg) @ R(1 — 0)(X, + Xp). A simple calculation
using (a, o) = (3, B) and («, ) = 0 shows that

[Ho — Hp, (1 — 0)(Xo + Xp)] = (o, a) (1 4 0)( X, — Xp).

This implies in particular that bpl is not abelian. Using again (o, o) = (3, #) and (o, 5) =0
we get

[Ho = Hg, (14 0)(Xo — Xp)] = (@, a)(1 = 0)(Xa + Xp),
and also using [X,, Xg] = 0 (because a and [ are not connected in the Dynkin diagram)
we obtain

[(1 - 9)(Xa + Xﬁ)a (1 + 9)(X0c - Xﬁ)] = _Q(Ha - Hﬁ)'
All in all this means that pr is a non-abelian Lie triple system. However, f cannot give
rise to a polar action because b is not perpendicular to [hy, by] = R(1+ 0)(Xo — Xp).

This action has the interesting feature that it gives a homogeneous foliation with the

property that the normal bundle consists of Lie triple systems. It is easy to see that the
totally geodesic submanifold of M generated by any of these Lie triple systems is a real
hyperbolic plane. These real hyperbolic planes have the property that they do not intersect
orthogonally the other orbits. It is interesting to observe that the normal bundle is not
integrable, as otherwise the integral manifolds would provide sections and then the action
would be polar.

Remark 4.4. The hypothesis in Theorem 4] that H induces a foliation is necessary. For
example, in sly(C) consider the usual Cartan decomposition sly(C) = suy @& p, where p
denotes the real vector space of (2 x 2)-Hermitian matrices with trace zero. Let a be the

11



subspace of diagonal matrices in sly(C) with real coefficients and t the subspace of diagonal
matrices in sly(C) with purely imaginary coefficients. Also, denote by n the set of strictly
upper triangular matrices in sly(C). Then, sus ® a @ n is an Iwasawa decomposition of
5l5(C) and t @ a is a Cartan subalgebra of sly(C). Consider the vectors

1 i —i 1 1 -2 0 i/2
BZ(O —11)’ X:(oZ z) g:(_% —1Z) and EZ(O Zé )

Let b be the Lie subalgebra of t ® a @& n spanned by B and X. Then pr = R¢ is abelian
because it is one-dimensional. The connected closed subgroup H of SLy(C) with Lie algebra
b acts hyperpolarly on the real hyperbolic space RH? = SLy(C)/SU, but does not give rise
to a hyperpolar foliation. To see this let ¢ = Exp(FE). It is easy to verify that Ad(g)B € a
and Ad(g)X € t, and hence Ad(g)h = t @ a. The corresponding connected subgroup of
S Ly(C) acts with cohomogeneity one on RH3. This action has one singular orbit, a totally
geodesic RH! € RH?, and the other orbits are the tubes around it. Obviously, the action
of H is orbit equivalent to this one.

We continue with a discussion of some further hyperpolar actions on Riemannian sym-
metric spaces of nonpositive curvature.

Ezample 4.5. (Polar and hyperpolar homogeneous foliations on Euclidean spaces.) Let m
be a positive integer. For each linear subspace V' of the m-dimensional Euclidean space
E™ we define a homogeneous hyperpolar foliation F{’ on E™ by

(Fo)p=p+V={p+v|veV}

for all p € E™. Geometrically, the foliation 7" consists of the union of all affine subspaces
of E™ which are parallel to V. It is obvious that F7 is a hyperpolar homogeneous foliation
on E™ whenever 0 < dimV < m.

Indeed, any hyperpolar homogeneous foliation on a Euclidean space E™ is isometrically
congruent to one of these examples. Assume that H acts isometrically on E™ and that its
orbits form a hyperpolar homogeneous foliation. Since the action of H is isometric and
gives a foliation on E™ it suffices to prove that each orbit of H is totally geodesic.

On the contrary, assume that the orbit of H through o is not totally geodesic. Then,
there exist a nonzero vector v € T,(H - 0) and a unit vector £ € v,(H - 0) such that
A¢v = cv with ¢ # 0, where A, denotes the shape operator of H - o with respect to &.
Since the orbit through o is principal, ¢ induces an equivariant normal vector field on
H - o which we also denote by . This vector field satisfies &,y = h.§, for all h € H.
Consider the point p = expo(%go). Since £ is equivariant, the orbit of H through p is
H - p = {expy)(¢€n) - h € H}. Hence we can define the map F : H -0 — H - p,
h(o) +— exph(o)(%&l(o)) = h(0) + 1&,(). Since the action of H is polar, the equivariant
vector field & is parallel with respect to the normal connection (see e.g. [2], p. 44, Corollary
3.2.5), and thus we get F.,v = v — %Agv = 0, which contradicts the fact that H gives a
foliation.
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Ezample 4.6. (Codimension one foliations on Riemannian manifolds.) Let M be a con-
nected complete Riemannian manifold and F be a homogeneous foliation on M with codi-
mension one. Then F is hyperpolar. In fact, consider a geodesic v : R — M which is
parametrized by arc length and for which 4(0) is perpendicular to F . Since M is con-
nected and complete, v must intersect each leaf of F, and since F is homogeneous, the
geodesic intersects each leaf orthogonally. Therefore S = v(R) is a section of F. Clearly,
S is a flat totally geodesic submanifold of M, and hence F is hyperpolar.

Ezxample 4.7. (Hyperpolar homogeneous foliations on hyperbolic spaces.) Let M be a Rie-
mannian symmetric space of rank one, that is, M is a hyperbolic space FH" over a normed
real division algebra F € {R,C,H,0}. Here n > 2, and n = 2 if F = 0. Using the
notations introduced in the previous section, we have

soy, ifF =R,

) sw, ifF=C,
"= Yep, F=H
i, % ifF=0.

The restricted root space decomposition of g is of the form

g=90-2a s> J-—a S 9o S 9o S 92a;
where dimg, = dimg_, = (n — 1) dimg F, dim g, = dimg_5, = dimg F — 1. Moreover,
we have gy = €y @ a with a one-dimensional subspace a C p and

50,1 if F =R,
b, = Uy g if F =C,
sp,_1 Dsp; if F=H,
507 if F=0.

Let ¢ be a one-dimensional linear subspace of g, and define
5e=0®D (g 0) B goa =a® (nOYL).

The subspace s, is a subalgebra of a @& n of codimension one, and the corresponding
connected closed subgroup S; of AN acts freely on FH™ with cohomogeneity one. The
corresponding homogeneous foliation F, on FH" is hyperpolar according to the previous
example. Since Ky acts transitively on the unit sphere in g, by means of the adjoint repre-
sentation, F, and F, are orbit equivalent for any two one-dimensional linear subspaces £, ¢/
of go. We denote by Fy' a representative of the set of hyperpolar homogeneous foliations
of the form F, on FH". We mention that the leaf of Fy containing o € FH" is a minimal
hypersurface in FH™. If F = R, this leaf is a totally geodesic real hyperbolic hyperplane
RH" ! Cc RH". If F = C, this leaf is the minimal ruled real hypersurface in CH™ which
is determined by a horocycle in a totally geodesic and totally real RH? C CH™. For more
details on these foliations we refer to [I] and [3]. It was shown in [4] that apart from this
foliation and the horosphere foliation there are no other homogeneous hyperpolar foliations
on Riemannian symmetric spaces of rank one.
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Ezxample 4.8. (Hyperpolar homogeneous foliations on products of hyperbolic spaces.) Let
M=FH" x...xF.H"

be the Riemannian product of £ Riemannian symmetric spaces of rank one, where k is a
positive integer. Then

Fpl X oo x Fgk
is a hyperpolar homogeneous foliation on M. This is an elementary consequence of the
previous example.

Ezample 4.9. (Hyperpolar homogeneous foliations on products of hyperbolic spaces and
Euclidean spaces.) Let

M=FH" x...xF,H™ x E™
be the Riemannian product of £ Riemannian symmetric spaces of rank one and an m-
dimensional Euclidean space, where k£ and m are positive integers. Moreover, let V' be a
linear subspace of E™. Then

Fpl XX Fpt x FY

is a hyperpolar homogeneous foliation on M.

Ezxample 4.10. (Homogeneous foliations on symmetric spaces of noncompact type.) Let M
be a Riemannian symmetric space of noncompact type and ® be a subset of A with the
property that any two roots in ¢ are not connected in the Dynkin diagram of the restricted
root system associated with A. We call such a subset ® an orthogonal subset of A. Each
simple root o € ® determines a totally geodesic hyperbolic space F,H"* C M. In fact,
Fo H" C M is the orbit of the connected subgroup of G with Lie algebra g;y. Then Fp is
isometric to the Riemannian product of re Riemannian symmetric spaces of rank one and
an (r — re)-dimensional Euclidean space,

Fp = F x BT = (H IE‘QH"“> x Er"e,

acd

Note that F, = R if « is reduced and F, € {C,H, O} if « is non-reduced (i.e., if 2ac € 3

as well). Then
Fo = H fn:

acd
is a hyperpolar homogeneous foliation on F§. Let V' be a linear subspace of E"~"®. Then

Foy=Fo x F, "®x N C Fy xE ™™ x Ny = Fp x Np 2 M

is a homogeneous foliation on M. We will see below that it is hyperpolar.

Recall that each foliation Fg= on F,H"* corresponds to a subalgebra of g, of the form
aletg (80©44s) ®go, with some one-dimensional linear subspace ¢, of g,. Thus the foliation
Fs on Fj corresponds to the subalgebra a® @ (B cq (9o © o) ® 920)) = a® ® (np & Lp) of
g, where (o = @a@ {,. Therefore the foliation Fg on M corresponds to the subalgebra

sev=(a2OV)O (e ©ls) = (a®* PV @ 1g) S ls Cadng
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of q¢, where we identify canonically V' C E"""® = Ag - 0 with the corresponding subspace
of as.

It is easy to see from the arguments given above that different choices of ¢, and ¢/ in
g. lead to isometrically congruent foliations Fg and Fj on Fj. However, it is not obvious
that different choices of ¢, and £,, in g, lead to isometrically congruent foliations Fg v and

o,y on M. That this is in fact true follows from the following two facts. On a semisimple
symmetric space the holonomy algebra is isomorphic to the Lie algebra of the isotropy
subgroup of the isometry group. Moreover, on a simply connected symmetric space each
element of the holonomy group at a point o induces an isometry of the symmetric space
with fixed point 0. Hence, different choices of ¢, and ¢/, in g,, lead to isometrically congruent
foliations Fg v and Fg, on M.

We note that these homogeneous foliations on symmetric spaces of noncompact type
have also been discussed by Koike [17] in the context of his investigations about “complex
hyperpolar actions”.

We are now in the position to formulate the main result of this paper.

Theorem 4.11. Let M be a connected Riemannian symmetric space of noncompact type.

(i) Let ® be an orthogonal subset of A and V' be a linear subspace of E"~"*. Then
Foyv=FoxF, ™" XNp CFgxE™™ x Ny =M

s a hyperpolar homogeneous foliation on M.
(ii) Every hyperpolar homogeneous foliation on M is isometrically congruent to Fe v
for some orthogonal subset ® of A and some linear subspace V of E'~"*.

Proof. We prove part (i) of the theorem here. Section [0l is devoted to the proof of part (ii).
According to Theorem .l we have to prove that se,y is a subalgebra and that (s, ), =
{€ep:(&Y)=0forall Y € s¢y} is abelian. Assume that the one-dimensional linear
space {, = {3 N g, is generated by the nonzero vector E,,.
The fact that sg 1 is a subalgebra follows from the elementary properties of root systems.

It is easy to see that

(ﬁq>v) %@V <@R 1— )

aced

We now check that (sev), is abelian.

If H H' € ag ©V we obviously have [H,H'| = 0. If H € a ©V and a € ® we have
[H,(1-60)E,] = a(H)(1+ 0)E, = 0 by definition of as. If a, 5 € ® with a # [, then
(1= 0)En, (1 — 0)Es] = (1 + 0)[Ea, Eg] — (1 + 0)[En, 0Es]. Now, [Ea, Es] € gass = 0
because a + [ is not a root (since a and [ are not connected in the Dynkin diagram) and
[Ew,0E3] € go—p =0 as a — [ is not a root (because both a and 3 are simple). O
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5. CLASSIFICATION

In this section we prove Theorem [.11] (ii), thus settling the main result of this paper.

A subalgebra b of a Lie algebra g is called a Borel subalgebra if b is a maximal solvable
subalgebra of g. Borel subalgebras of real semisimple Lie algebras have been described
in [20]. Any such Borel subalgebra can be written as t ® a @ n, where h = t® a is a
Cartan subalgebra of g and n is nilpotent. The subspace t is called the toroidal part of b
and consists of all X € § for which the eigenvalues of ad(X) are purely imaginary. The
subspace a is called the vector part of h and consists of all X € h for which the eigenvalues
of ad(X) are real. There exists a Cartan decomposition g = € @ p such that t C ¢ and
a C p. We say that h or b is maximally noncompact if a is maximal abelian in p and
maximally compact if t is maximal abelian in €. We use this description for the following

Proposition 5.1. Let M = G/K be a symmetric space of noncompact type. Let S be a
closed subgroup of G which induces a hyperpolar foliation. Then the action of S is orbit
equivalent to the action of a closed solvable subgroup whose Lie algebra is contained in a
mazimally noncompact Borel subalgebra.

Proof. By means of Proposition we may assume that S is solvable and closed in I(M).
The Lie algebra s of S is contained in a Borel subalgebra b of g. As we explained above,
there exists a Cartan decomposition g = ¢ @ p such that b = t@® a @ n with t C ¢ and
a C p. Since a is abelian we have the decomposition g = gy ® (@Xei g;), where X is the
set of roots with respect to @ and g5 = {X € g : ad(H)X = MN(H)X for all H € d}. We
can choose an ordering in @ that induces a set of positive roots ¥t in such a way that
n = @;cs+ 05 It remains to prove that this Borel subalgebra is maximally noncompact,
that is, a is maximal abelian in p.

On the contrary, assume that a is not maximal abelian. Let a be a maximal abelian
subspace of p containing a. Then we have the usual restricted root space decomposition
g=00D (@/\GE g)\). We choose an ordering of a compatible with that of a and denote by
3" the corresponding set of positive roots, and write n = @, .o+ gr. We have the relations

=[] Ker), éozgo@(@m), &= P o

rext Aext
Alg=0 Alg=0 Aa=X

Recall from Theorem ELT] (i) that S acts hyperpolarly on M if and only if s, = {€ € p :
¢ L s} is abelian. Obviously, a©a C p and a©a is orthogonal to n, and so a©a C sj. On
the other hand, @Aezt/\‘a:o gr C go C non, and so @Aezﬂx‘a:o py C sj. Altogether this
implies (a © a) @ (GBAeEﬂA‘a:O pA) C s,. Now choose A € XF with Az = 0. By the first

relation above, we can choose H € a © a with A\(H) # 0. If X, € g, is a nonzero vector
then [H, (1 — 0)X,] = (1 4+ 0)A(H)X, # 0, which contradicts the fact that s, is abelian.
Hence, a must be maximal abelian in p and the theorem follows. 0
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We now prove that the foliations in Example exhaust all the possibilities for hy-
perpolar homogeneous foliations up to orbit equivalence. Let S be a connected closed
subgroup of the isometry group inducing a hyperpolar homogeneous foliation on M. From
now on we fix a Cartan decomposition g = € @ p and a maximally noncompact Borel
subalgebra t & a @ n with t C £ and a C p maximal abelian. According to Proposition [5.1]
we may assume that the Lie algebra s of S is solvable and that s C t® a & n. The proof
goes as follows. First we classify the abelian subspaces of a @ p'. A bit more work leads
to a description of all subalgebras s of t & a @ n for which 5# is abelian and contained in
a®pl. Hence, the problem reduces to prove that, if s is a subalgebra of t® a@®n for which
5# is abelian and the corresponding connected subgroup of G with Lie algebra s induces a
foliation on M, then s, C a®p'. We will consider an auxiliary subalgebra § = s+ (n & n').
This subalgebra satisfies §pL C a@p' and hence its projection onto a@®n is one of the known
examples. Then 5‘3l is contained in the centralizer of §pl in p. A bit more work allows us
to calculate 5‘3l explicitly using the fact that s is a subalgebra. Then we will conclude that
the projection of s onto a @ n is one of the known examples. The final step is to prove that
s induces the same orbits as its projection onto a @ n.

In what follows (until Lemma inclusive) we will work in a context slightly more
general than that described above. Let s be a subalgebra of t & a & n such that 5# is
abelian. Hence, it is not assumed that the orbits of the connected subgroup of G whose
Lie algebra is s form a foliation. Example [4.4] shows that this can happen. We first state
a few basic lemmas.

From now on, if v is a vector subspace of g, we denote by 7, the orthogonal projection of
g onto v. Also, we denote by s, = Taen(s) the projection of s onto a @ n, the noncompact
part of t® a ®n.

We will first derive some elementary results.

Lemma 5.2. Let A € ¥ and X,Y € g). Then (1 —0)[0X,Y] =2(X,Y)H,.
Proof. 1t follows from polarization of the identity [#(X+Y), X+Y] = (X+Y, X+Y)H,. O

Lemma 5.3. Let a be a simple root and v C g, be a linear subspace such that [v, 0] = {0}.
Then [v,0v] C a if and only if v is one-dimensional.

Proof. If v = RX with nonzero X € g,, then [0.X, X]| = (X, X)H, € a. For the converse,
assume that v has dimension greater than 1 and that [0,0bv] C a. Let X,Y € v be
two nonzero orthogonal vectors. By Lemma and orthogonality of X and Y, (1 —
0oX,Y] = 2(X,Y)H, = 0, so [0X,Y] € &{,na = {0}. Now, ([fX,Y],[0X,Y]) =
—([X,[0X,Y]],Y) and using the Jacobi identity and the fact that [v,v] = {0} we get
(X, [0X,Y]] = =Y, [X,0X]] = (X, X)]Y,H,] = —(a,a)(X, X)Y. Altogether this implies
(0X,Y],[0X,Y]) = (a, ) (X, X)(Y,Y) > 0, which gives a contradiction. O

Lemma 5.4. Let \,;n € X such that A — p & X. Let X € gy and Y € g, be nonzero
vectors. If [X,Y] = 0 then A + p is not a root. In particular, if a, € A and X € g, and
Y € g are nonzero vectors, then [X,Y] = 0 implies that o and 3 are not connected in the
Dynkin diagram.
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Proof. Assume that [X,Y] = 0. Since [0Y,X] € g\_, = 0 we have, using the Jacobi
identity, that

0= [[X,Y],0Y] = —[[Y.0Y], X] = (Y, Y)[H,. X] = (Y, Y) (A, p) X.
Hence, (A, r) = 0. Since A —p ¢ ¥ and the corresponding Cartan integer satisfies A,y =0,
we get that A + u € 3. For the second part, just note that o — 3 is not a root. O

Lemma 5.5. Let W C X7, For each A € ¥ let vy C gy be a one-dimensional linear sub-
space. Then the linear subspace [€, a® (P, .y v2)] is orthogonal to a® (P, q (1 — O)vy) ®

(@,\em\\p pA) :

Proof. Obviously, [€g,a] = 0, so there is nothing to prove in this case. Assume that each
vy is spanned by a corresponding vector Ey. Let T' € &. If H € a then ([T, E,\|,H) =
—(E\, [T, H]) = 0. Since [ty,gx] C g, for any g € ¥ with g # X and any £ € p,
we obviously have ([T, E,],&) = 0. Finally, since ad(7’) is skewsymmetric, ([T, E\], (1 —
) Ey\) = ([T, E\], E\) = 0, from where the result follows. O

We now proceed with the first step of the proof, which is describing abelian subspaces
of a® p'. Recall that p' =p N (gj ®g,"'). First, we need the following lemma.

Lemma 5.6. Let q C a® p' be an abelian subspace and define V= {a € A : 7y, (q) # 0}.
Then dimmg, (q) =1 for all a € .

Proof. Assume the statement is not true. Any two vectors £, € q can be written as

£ =80+ pee(1—0) and n = no + > oo (1 — 0)na, with &4, 70 € go. We denote by
U’ C ¥ C A the subset of roots a € A such that &, and 7, are linearly independent. If the

statement of this lemma is not true, we can find £ and 7 such that the corresponding W’
is nonempty. An easy calculation taking into account that o — 3 is not a root if o, € A
yields

0=[&n =Y (1+0)(&o)na — almo)éa) = D (140, 0na] + Y (1+0)[€as ).

«a a a,f

Then it follows in particular that > (14 0)[¢a,0n.] = 0, [€a,7a) = 0 for all @ € ¥ and

[fa,nﬁ] + [5577704] =0 for all o, 8 € ¥ with « 7& .
By LemmaB.2l (1 — 6)[0¢4,ma] = 2(€a, Na) Ha, which implies

0= (140 0ma) =2 ([ar 070) + (Ear e Ha) = 2D ([€as 0] + (€0 1) Ha),

acv acvw aew’

the last equality following from the fact that [0, &) = (€a, &a) Ha-
For a € V', using [£n, 7] = 0 and [0¢,, 0] = (€ €a) Ha, We get

[[gom 97704]’ 9504] = _[[9770“ 9504]7 ga] - Hegom 504]7 97704] = <Oé, Oé) <§om §a>9na~
Now choose a, f € ¥ with § # «a. Since § — « is not a root and [0ng, 0¢,] = 0[ns, &a] =
0[€s,ma) = [0€3, 0N We obtain

[[€5,0m5], 06) = —[[Ong, 08al, Es] — [[08a, Eal, Onpll = —[[0€s, Onal, &s]
= [0, &p], 05] + [[€6, 085, 0na] = (v, B)(Ep:§5)0Ma-
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Taking into account the last two displayed equations we conclude

Hgﬁu ‘97],3]7 ‘9504] = <Oé, 6> <§37§3>‘9na7 for all Oé,ﬁ eV
Therefore, for arbitrary a € W', the identity > 5y ([€5, 0ns] + (§s,m5) Hs) = 0 yields

0 = [j{:(fﬁﬁaeﬁﬁ]*‘<§ﬁ=ﬂﬁ>ffﬁ)79§a] = > ([[€s, s, 6¢a] + (S5, ms) [H, 650])

pev’ Gev
= ) (0, B)(€5,€5) 000 — (o, B) (€5, €5)0E0)
pev’
= <Z<O‘>ﬁ><§ﬁafﬁ>> 977@ - (Z <Oé,/6><€5,€5>> 0&,.
Bev’ BEV/

Since a € V') 0n, and 0, are linearly independent, the only way the above equality
can hold is when the coefficients of 0n, and 8¢, are simultaneously zero. In particular,
Zﬁeq,,< B)(&p,€) = 0. Hence, >~ 5y (§p,§p) B s orthogonal to span W'. Since it is also a
vector in span W’ and the simple roots are linearly independent, it follows that (£5,£3) = 0
for all 5 € W', contradiction. O

We say that a subset ® C A is connected if the subdiagram of the Dynkin diagram deter-
mined by the roots of ® is connected. We say that two subsets ®, ®' C A are disconnected
or orthogonal if for any v € ® and any 3 € &', o and [ are not connected in the Dynkin
diagram (that is, « + (3 is not a root).

Proposition 5.7. Let q C a ® p' be an abelian subspace and ¥ = {a € A : 7y, (q) # 0}.
This set can be decomposed as W = Ule U, with ¥; C A connected, and ¥, and ¥;

disconnected whenever i # j. Then there exists a map ¢ : W — R, a — ¢4, and vectors
Ei € @,cp, 8o @ € {1,... Kk}, with 7o, (E;) # 0 for all o € V;, such that q is a linear

subspace of
nq—a¢@<@R<anH +(1— )E))

acv

Proof. Using the fact that the sets W, are disconnected, it is easy to see that a subalgebra
by as considered above is abelian. Hence, in order to prove the proposition, it suffices to
take an abelian subalgebra ¢ C a@®p! and prove that it can be realized as a subspace of one
of the Lie subalgebras v, as defined above. For that, consider ¥ = {a € A : 7wy, (q) # 0}
and write ¥ = Ule U, with ¥; C A connected, and ¥, and ¥, disconnected whenever
i # 7. Our first assertion is that for each i € {1,... k} there exists a nonzero vector
E; € @ ey, 9a such that any vector £ € q can be written as { = §, + Zle z;(1 —0)E; for
certain &y € a and z; € R.

We fix i € {1,...,k}. From Lemma it follows that dimmy, (q) = 1 for all @ € .
Hence, for each a € ¥ we can choose a nonzero vector E, € g, such that any vector £ € q
can be written as £ = & + Y oy @a(l — 0)E, for certain & € a and a, € R. If, on the
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contrary, the previous assertion is not true, we can find & = § + > a.(1 — 0)E, € q
and n =mn9+ Y, ba(1 — 0)E, € q such that for some «, 3 € ¥; connected in the Dynkin
diagram the vectors (aq, ag), (ba, bg) € R? are linearly independent. Since q is abelian, we
have
0= 6.1 = S(0(€)b — alm)ac)(1+ 6) o+ 3 aubs(1 +6)[E, Fs]
o a,B

In particular, taking the g3 component we get a,bg — agb, = 0 by Lemma [5.4] which
contradicts the fact that (a,ag) and (bs, bg) are linearly independent.

Therefore, we have proved our assertion, that is, any vector £ € q can be written as
§=6&+ Zle z;(1 — 0)E; for certain § € a, v; € R and E; € Py, da- By the definition
of ¥, it is obvious that mg, (E;) # 0 for all @ € ¥;, and indeed we can write E; = Yy E,
with suitable E, € g, (note that these might be different from the above E,’s). Since \Il
and ¥; are disconnected if ¢ # j, it is clear that [E;, E;] =0 for all 4,5 € {1,...,k}.

We choose such a vector £ = &, + Z?Zl zj(1 —0)E; and assume x; = 0. By definition of
U there certainly exists n = ng + Z?Zl y;j(1 —0)E; € q with y; # 0. Hence,

0=[&n =3 (1+0)| 3 (ald) - zaln)) B |

QE\I/j

and taking the g,-component for any a € ¥; we get a(&y) = 0 because x; = 0 and y; # 0.
This implies that for each £ € q and each o € ¥; we can write (£, H,) = co(&){a, a)z; (if
x; = 0 any ¢, (&) will do). The next step is to prove that we can choose the same ¢, for all
£eq.

Assume that we cannot choose the ¢,’s in such a way. Then there would be & = & +
S zj(1—0)E; € qand n=n+ 2521 y;j(1 —0)E; € q such that c,(£) # ca(n) for some

7=1
a € WU;. This of course implies that z;,y; # 0. Taking the corresponding g,-component of

(€, 7] as in the previous displayed formula we get

0 = yier(&o) — wia(mo) = yi(€, Ha) — zi(n, Ha) = ziyiler, a)(ca(§) — caln)),

which leads to a contradiction. Hence we can choose the ¢, independently of ¢ € q, which
allows us to define a function ¢ : ¥ — R by (£, H,) = c,{a, a)x;, with the notation as
above.

Finally, if £ = 504’2?:1 7;(1-0)E; € q we can write §o = {4+ g CGaty With §) € ay =
ao (@a@ RHa) and a, € R. Here, the a, must satisfy c, (o, a)x; = (£, Hy) = an(a, a),
so q is contained in one of the model spaces in the statement of the proposition. O

The following lemma is useful to understand how s and spL are related.

Lemma 5.8. Ifs C t@a®n is a subalgebra and s; = {£ € p: & L s}, then s, = Taen(s) =
{(Xcadn: X Ls,}.

Proof. It X € s, then for all £ € spL we have (X, &) = 0 by definition. Since ¢ and p are
orthogonal, Tagn(X) L 5.
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Conversely, let X € a@®n such that X L s, and choose Y € (a®n) ©s,. We may write
Y=H+) o YaAwith H €caand Y, € gy. Clearly, Y ="\ o . O3 = H + 3, o (1 -
0)Y\ € p, and if Z € 5 we have (Y — >, . 0Y), Z) = (Y, Z) — > s (YA, Z) = O,
because Y and Z are perpendicular and so are g_, and t ® a @& n. This proves that
Y =3 s+ 0, € 5, By assumption we have X L s;, and so 0= (X, Y =3, . 0Y)) =
(X)Y) = > en (X, 0Y)) = (X,Y), again because g_ and a @ n are perpendicular. Since
Y € (a @ n) © s is arbitrary, we conclude that X € (a®n) S ((a®n) ©s,) = s,. O

Proposition 5.7 and Lemma [5.§8| allow us to conclude the first step of the proof of our
classification.

Theorem 5.9. Let s C t® a ® n be a subalgebra such that 5# C a®pt is abelian. Then
there are an orthogonal subset ® C A, numbers a, € R and nonzero vectors E, € g, for
each o € ®, and a linear subspace V C ag such that

s, =(Voa®on)o <@ R(anH, + Ea)> .

acd

Proof. Since 5pl C a®p! is abelian, by Proposition 5.7 we have that 5pl is a linear subspace

of

k

q=ae ® (@R (Z aoHy + (1 — H)EZ>> )

i=1 acd;
Here, as usual, ® = {a € A : my (s;) # 0} = Ule ®;, with ®; connected, and ®;
disconnected to ®; whenever i # j, E; € P g, 9o With 7y, (F;) # 0 for all a € ®;, and
a: ® — R a real-valued function. Our first step is to prove that each ®; consists of exactly
one root.

Fix ¢ € {1,...,k} and assume that ®; has more than one root. We may write E; =
> aca; Bo With By € ga. Also, take § = &+ 320, 4j(X sca, GaHa + (1 — 0)E)) € 5, with
y; # 0. Since dim (@a@i ]REQ) > 1, there exists a nonzero vector X € @aeq,i RE, such
that X is orthogonal to E; (or equivalently, to (1—0)E;, or to £, or to 5#). By Lemma [5.8]
there exists S € t such that S+ X € 5. We write X = Zaeqn ToE,. Now, for each o € ®;,
and again for dimension reasons we can find a vector Z, = H, + Zﬁeq,i zapEs such that
Z, is orthogonal to £ (and hence to spl). Lemma ensures that there exists T, € t such
that T, + Z, € s for each a € ®;. By Lemma .5 we get ([T,,, X],&) = ([S, Z.],§) = 0.
Since s is a subalgebra and [Ejg, E,] € n?, we have

0= ([To+ Za, S + XJ,€) = ([Har X],€) = (> w(a, B)Eg, &) = i > (@, B)wp{Ep, Eg)
BED; BeD;

for each av € ®;. Putting Ag, = 2&5) and taking into account that y; # 0, the previous

equation is equivalent to » s g Apas(Eps, Eg) = 0. Of course, (Ag,) is the Cartan matrix
of the Dynkin subdiagram associated with ®;. Cartan matrices are known to be nonsingular
(see for example [I5] Proposition 2.52 (e)]) which means that x3(FEs, Eg) = 0 for all § € ®;.
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This contradicts the fact that X is a nonzero vector and proves that ®; has exactly one
root.
Thus from now one we can assume that 5# is a linear subspace of

q=do D (@R (agHy + (1 — 9)@) :
acd

with E, € g, and ® an orthogonal subset of A. We have to prove that @4 R(aaHo+(1—
0E,) C sj. Consider a vector £ = &+ cq TalaaHs + (1 —0)E,) € q orthogonal to sj,
with & € ag and z, € R. Since £ is orthogonal to sj, by Lemma [5.8 we can find S € t such
that the vector X = S+§o+>_ cq Ta(@aH+E,) isin 5. On the other hand, it is clear, using
again Lemma [5.8] that there exists T,, € t such that Z, = T, + (E,, Eo) Ho — cof{a, @) E,,
is a vector in s. Since s is a subalgebra, [Z,, X| € s for each a € ®. A calculation using
the facts that t ® a is abelian, §y € ap and o+ € X if o, F € ® and « # 3, gives

Za, X] = 200, @) ((Ba, Ea) + a2 {0, ) Eq + [T, > 2pEg] + [S, aa{er, @) Eq].
sed
Lemma 5.5 implies that the last two addends above are orthogonal to s,. Since [Z,, X] is
orthogonal to 5#, the first addend must be orthogonal to 5# as well. By definition of 5#,
the only way this can happen is when x, = 0 for all a« € ®. This implies £ = {;, € ag and

proves @, .o R(aoHo + (1 = 0)E,) C s, Now the theorem follows after a straightforward
application of Lemma [5.8] O

Motivated by Theorem we introduce the following notation. Let a : & — R be a
map and define a, = a(«) for all & € ®. Furthermore, for each a € ® we choose a nonzero
vector E, € {p N g,. Consider

5<I>,V,a = (V @& an ©® 1’1) S (@ R(aaHa + Ea)) .

aced

As above we will see in Proposition 5.10 that this does not depend on the particular choice
of {s. We obviously have sg v,o = s, for the zero map 0: & — R.

Proposition 5.10. We have Ad(9)sova = So,v with g = Exp(=3)_ cp @aFs) € N if
® #£ 0 and g = idg if © = 0. In particular, s v, is a subalgebra of a @ n. Moreover,
the corresponding connected subgroup Sg v.q 15 conjugate to Se v and induces a hyperpolar
homogeneous foliation. We also have

(5@7\/7@)# = (Cch> S V) ©® (@ ]R(aaHa + (1 — H)Ea)> .
acd
Proof. We define &, = a,H, + E, for a € . Then the subalgebra s¢ v, can equivalently
be written as sy, = (V@a® &) (B, cp Réa). Let go = Exp(—anE,) and g = [],cq ga-
Since o and  are not connected in the Dynkin diagram, we have [E,, 3] = 0, and so
g =Exp(=)_ co @aFy). Our aim is to prove that Ad(g)se,v,. = Sa,v-
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We introduce the following notation:
=(Vaoa®en) oRE,, 5, =(Vaoa®®n) oRE,.

First we prove that Ad(g,)$, = S, for each a« € ®. Note that, since —a,F, € a ® n,
it follows that Ad(g,)(a @ n) = a® n. Now let X € §,. Since E, is a unit vector and
X € a®n, we have

(Ad(ga) X, E,) = (X,Ad(Exp(aa0E,))E,) = (X, e% 0B R )
2

= (X, BE.+aoH, + %|a|29Ea> — (X&) = 0.

Also, if H € ap © V then a(H) = 0 for each a € P, so

(Ad(ga)X, H) = (X, Ad(Exp(a,0Ea))H) = (X,e"*F) H)

= (X,H +a,a(H)0E,) = (X,H) = 0.

Altogether this proves that Ad(gs)5. = Sa-

Now let o, f € ® with a # 3. We prove that Ad(g,)55 = 55. Since a and 3 are simple

roots, 5 — ma is not a root for m > 1. Hence,

OOm

Ad(Exp(t0E,))Es = et *d6E) g Z d(0E,)"Es = Ej.

m=0

If H € a we also get
Ad(Exp(tOE,))H = et — H + ta(H)0E,.
Now, let X € 55. Using the previous equations we obtain
(Ad(ga) X, €5) = (X, Ad(Exp(aa0E,))Es) = (X, €3) + aalar, ) (X, 0E,) =
Also, if H € ag ©V we get
(Ad(ga) X, H) = (X, Ad(Exp(an0E,))H) = (X, H) + a,a(H){(X,0E,) = 0.
Altogether this proves Ad(g,)53 = 53. A similar argument shows also that Ad(g,)sg = 53.

However, since ¢ v, = [acep 5o and Sov = (), S, Using the previous two equalities and
a simple induction argument, we get Ad(g)ss,v.a = ([[oco Ad(9a))S0,v,0 = Sa,v- O

This is a good point to recall the contents of Theorem [5.9, which says that if s C tdadn
is a subalgebra such that 5pL C a®p! is abelian, then there are an orthogonal subset ® C A,
numbers a,, € R and nonzero vectors E, € g, for each a € ®, and a linear subspace V' C ag
such that s, = 5¢ v4.

Proposition 5.11. Let s C t® a®n be a subalgebra such that

S, =Spvae= (VD a®on)o (@ R(aoHa + Ea)>

acd

with ® a subset of orthogonal simple roots, E, € g, nonzero vectors, V' a linear subspace
of ap and aq € R, and define E = =3 4 aoEq and g = Exp(E). Then the following
statements hold:
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(i) Ad(g)s is a subalgebra of t® a®n and (Ad(g)s), C Ad(g)s, = s -
(ii) For each a € ® the projection of (t®a® (n© g,)) Ns onto t centralizes E,.
)V

(iii) V' C (Ad(g)8)n.-
(iv) Assume that X € X7\ @ satisfies \+ o & X for each o € ®. Then gy C (Ad(g)$).,.

In addition, assume that the orbits of the connected subgroup S of G whose Lie algebra is
s form a homogeneous foliation. Then the following further statements hold:
(v) (Ad(g)s)n = Ad(g)sn — 50,1
(vi) Denote by s. the projection of s onto t. Then s. is an abelian subalgebra that
centralizes each E,. In particular, [s.,s;] = 0.
(vil) With the notation as in (vi), let S, be the connected subgroup of G whose Lie algebra
is s.. Then S, acts trivially on v,(S - 0).

Remark 5.12. Remark [4.4] shows that the hypothesis that the orbits of S form a homoge-
neous foliation is necessary in Proposition B.11] (v), (vi) and (vii).

Proof. (i) First note that since n is an ideal of t& a@®n we have Ad(g)(t@adn) C tdadn
and Ad(g)s C t @ a @ n. Proposition (.10 implies that Ad(g)s, = s¢,v. We have to prove
that (Ad(g)s), C sev. Let T+ H+ X € s with T € t, H € a and X € n. We already
have Ad(¢)(H +X) € Ad(g)s,, = s, so it suffices to prove that the projection of Ad(g)T"
onto a @ n is in s¢ . Since n is an ideal of t © a & n this projection is Ad(g)T — T =
> rei 4 ad(E)*T € n. We have to prove that (Ad(g)T — T, E,) = 0 for all & € ®. Since
[E,T] € nand n is nilpotent it follows that ad(E)*T € non! for all k > 2, and for k = 1,
we have ([E,T], E,) = 0 for all & € ® by Lemmal5.5 Hence, (Ad(g)s), C sey = Ad(g)s,

(ii) Let @« € ® and T be in the image of the projection of (t& a @ (nSg,)) Ns onto t.
Note that [T, E,] € go © RE, since ad(T") preserves each root space and is skewsymmetric.
Hence, we only have to show that (g, ©RE,, [T, E,]) = 0. Let X € g, ©RE, be arbitrary.
Since X € s,, there exists Sx € t such that Sx + X € s. By definition of 7', there
exist H € aand Y € no g, such that T+ H +Y € s. As s is a subalgebra we have
Sx, Y]+ [ X, T+ [X,H|+ [X,)Y] = [Sx + X, T+ H+Y] €s. Since [Sx,Y]| € n© g,
(X, H] = —a(H)X € g, ©RE, and [X,Y] € n & nl!, the definition of s, yields

0=([Sx + X, T+ H+Y],anHs + (1 — 0)E,) = ([X,T], E,) = —(X, [T, E,]),

which completes the proof of (ii).

(iii) Let H € V' C ag. Since H € s, there is Ty € t such that Ty + H € 5. By (ii)
we have [Ty, E] = 0 and by definition a(H) = 0 for all & € ®, so Ad(¢g~)(Ty + H) =
emEN Ty + H) =Ty + H € 5. Hence Ty + H € Ad(g)s and H € (Ad(g)s).,.

(iv) Assume A € X7\ ® and A+ o ¢ 3 for any o € &. Take X € g, and Tx € t such
that Tx + X € s. By (ii) we have [Tx, E] = 0. Since A + a ¢ ¥ for any o € @, we also
have [X, E] = 0. Hence, Ad(¢7")(Tx + X) = e~ E)(Tx + X) = Tx + X € 5. This implies
Tx + X € Ad(g)s and X € (Ad(g)s)n, so (iv) follows.

(v) By (i) we already know (Ad(g)s), C Ad(g)s, = sev. We prove the equality by
showing that dim(Ad(g)s), = dim Ad(g)s,

By hypothesis and Proposition 2.1], all the orbits of S are principal and the same is true
of 1,(S). Hence the isotropy groups S, = SN K and 1,(5), = 1,(S) N K are conjugate.
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Their Lie algebras are s Nt and (Ad(g)s) Nt, respectively. By (ii) we have [s Nt, E] = 0 so
Ad(g) = e*®) acts as the identity on s Nt. Hence s Nt C (Ad(g)s) Nt and thus equality
follows by hypothesis. This implies dim(Ad(g)s), = dimAd(g)s — dim(Ad(g)s) Nt =
dims — dims Nt = dims,, = dim Ad(g)s,,.

(vi) Obviously, s. is an abelian subalgebra because t is abelian. For the second part, we
assume first that s, = sgy. Fix @ € ® and let X € g, © RE, be arbitrary. Then there
exists Sy € tsuch that Sy + X € s. Since H, € a® C s, there exists Ty, € t such that
T, +H, € 5. As s is a subalgebra we have [Ty, + H,, Sx +X]| = (ad(Ty, )+ (o, a)14,) X €
0o N5 C go © RE,, where 1, is the identity transformation of g,. Since (a,a) # 0,
ad(Ty, ) + (o, a)l,, is an isomorphism. Thus, the previous equality implies g, © RE, € s.
This implies Sx € s Nt and thus [Sx, E,] = 0 by (ii). Also according to (ii), and since
a € ® is arbitrary, (vi) follows when s,, = ¢ v .

Now we finish the proof of (vi). Let s C t® a @ n be a subalgebra such that s, = s¢ v,
and assume that all the orbits of the corresponding connected subgroup S of G whose Lie
algebra is s are principal. By (v) we get (Ad(g)s), = s¢,v. Take an element T+ H+ X € s
withT € t, H € aand X € n. Since H+X € s, it follows that Ad(¢)(H+X) € Ad(g)s, =
sy by Proposition [5.10l Hence, the projection of Ad(g)(T"+ H + X)) onto t is the same as
the projection of Ad(g)T onto t, and as g € N, that projection is T". Now, since (Ad(g)s), =
sy, applying the argument in the previous paragraph to the subalgebra Ad(g)s we get
T, E,] = [m(Ad(9)(T+H+X)), E,] = 0 for all &« € . This already implies [F,T] = 0 and
thus Ad(g)T' =T, s0 Ad(g)(T+H+X) =T+ Ad(g9)(H+ X) and Ad(¢9)(H+X) € ad®n.
Since [t,a] = 0, we obtain [T, (ae © V) ® (B, cp RlaaHo + (1 — 0)E,))] = 0 and the result
follows.

(vii) Let t € S, and & € 1,(S - 0). Since s, C p we may identify s, and v,(S - 0). By
(vi), s. centralizes s, so with the above identification we get ¢, = Ad(t)§ = &. O

We will need the following result:

Lemma 5.13. Let s be a subalgebra of t & a & n and s, its projection onto a & n. Let A
and pu be two positive roots (not necessarily different). If gx + g, C 5, then gai, C 5y.

Proof. We may assume that A\ 4+ p is a root; otherwise there is nothing to prove. Let
X €gyand Y € g,. By definition there exist S,T" € t such that S+ X,T +Y € s. Then,
S+ X, T+Y]=[9Y]—[T,X]+[X,Y] € s. Recall that [¢y,g,] C g, for any v € X. The
vector [S,Y]— [T, X]|+[X,Y]is in n and hence in 5,,. On the other hand, [S,Y]|— [T, X] €
g, +9x C sy, 50 [X,Y] €s,. Since, X and Y are arbitrary, gy, = [gx, 8] C Sn. O

We now drop the assumption 5# Cadph

Let s be a subalgebra of t @ a @& n such that 5# is abelian. From now on we assume
that the orbits of the connected closed subgroup S of G whose Lie algebra is s form a
homogeneous foliation on M. As usual, we denote by s, = Taen(s) the projection of s onto
the noncompact part of t @ a @ n.

We define § = s+ (n?@---®n™) = s+ (non') where m = my is the level of the highest
root of . Since n ©n! is an ideal of t® a @ n it follows that 5 is a subalgebra of t® a ®n.
Also, s C s and thus ﬁpL C 5#, which means that ﬁpL is also an abelian subspace of p.
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It is obvious by definition that 5# C a @ p'. Hence Theorem implies that 5, :=
Taan(5) = S v, With ® C A a subset of orthogonal simple roots, a, € R, 0 # E, € g, and
V' C ag as usual. By Proposition [5.10] there exists g € N such that Ad(g)s,, = s¢v. This
element can be taken to be g = Exp(E) with = =3 4 aqF,.

We define 8 = Ad(g)s. The subgroup of G whose Lie algebra is § is S = I,(S). Ob-
viously, S induces a hyperpolar homogeneous foliation on M. By Proposition B.11] (i)
we get &, 1= Taen(8) C (Ad(9)5), C Ad(9)s, = so.v. Then it follows that (ap © V) @
(Boco R(1—0)E,) C &;. Since &, is abelian, we have that ;- must be contained in the
centralizer Zp((as © V) @ (P, o R(1 —0)E,)) of (a6 © V) ® (B,ee R(1 —0)E,) in p.
Our first aim is essentially to calculate this centralizer. Eventually, this will allow us to
determine §,, and later s,,.

We start with @, ., R(1 — §)E, where the situation is a bit more involved. We deal
with this in a series of lemmas.

Lemma 5.14. Let a € ® and let £ € p be written as & = & + D \exe (1 = 0)6\ with § € a
and &y € gy for each X € ¥F. Then & is in the centralizer Z,(R(1 — 0)E,) of R(1 — 0)E,
in p Zf and Only Zf 50 € ALa}; goe € REO!) 5201 = 0 and [gk—aaEa] = [§>\+aa9Ea] fO’f’ all
A€ X\ {a,2a}.

Proof. 1f the vector & commutes with (1 — 0)E,, a simple calculation yields

0=[¢(1=0)E] = (140)§ all)Ea+ D [6n Bl = D [06x, Ea] — [0, Ed]

Aex+ AESH\A

The above vector is zero if and only if each of its components in €5, A € X7 U {0}, is zero.
The €o-component is zero if and only if [0¢,, E,] € a, and the €5,-component is zero if
and only if [¢,, E,] = 0. Denote by v the vector subspace of g, spanned by E,, and &,. The
above two conditions imply [b,fv] C a and [v, v] = 0. Since « is a simple root, Lemma [5.3]
implies that v is 1-dimensional and hence &, € RE,.
The ¢,-component vanishes if and only if (&) Ey — [20, 0 Eo] = 0. Taking inner product
with F, yields

0 = (a($0) Ea — [§20, OFa], Ba) = a(&0)(Ea, Ea) — (§2a; [Fa, Eal) = a(&0)(Ea, Ea)-

Hence, §y € ajoy = a © RH,. Taking into account the above equation, this also implies
[£2a, 0F,] = 0. Using the Jacobi identity we get

0= [[5201’ HEa]a Ea] = _HQEOH Ea]a §2a] = _<E0n Ea>[Ha>€2a] = —2(@, O‘) <E0n Ea>§2a>

which implies &, = 0.

Finally, if A € ¥\ {«a, 2a}, the €\-component is (1 + 0)([€x-as Ea] — [Extas OFu]). This
vanishes if and only if [x_q, Ea] — [Exta, 0Fa] = 0 because gy and g_, are linearly inde-
pendent. Since the “only if 7 part is elementary, the result follows. O

Lemma 5.15. Let « € ® and X\ € X7\ {a, 2a}, and assume that the a-string of A has
length greater than one. Then @, 7 §r+ma C 5n-
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Proof. Since (1 — 0)E, € &, and &, is abelian, we have & C Z,(R(1 —0)E,). Let £ € &
and write as usual § = & + > 54 (1 — 0)&\ with & € a and §, € gy for each A € X+,
Lemma [5.14] already implies that &y € afa}, {a € RE, and &, = 0. We have to prove that
Exima = 0 for all m € Z. We prove this assertion depending on the whether the length of
the a-string of A is 2, 3 or 4. Note that A & ®.

Assume that the length of the a-string of A is 2. In this case we may assume A\—a, A+2a ¢
Y and M, A+« € XF (switch to A — « if necessary). Then « and X span a root system
of type Ay. Since A + 2« ¢ X1, Lemma B.14 implies [€y, Eo] = [xi2q,0F.] = 0. Since
A—a &Y and A+ a € 3 we get from Lemma 5.4 that £, = 0. Similarly, by Lemma
BI4 we have [{yia,0Fa] = [Ex—a,Ea] = 0. Since A+ a — (—a) = A+ 2a ¢ ¥ and
A+ a+ (—a) =X € X, Lemma [5.4] yields £y, = 0 which finishes the proof in this case.

Assume that the a-string of A has length 3. In this case we may assume A—a, A+3a € X
and A\, \ + a, A\ +2a € . Then, A and « span a root system of type By or BC5. First
we claim that £ 1q € [ga © RE,, g)]. Since the root system spanned by A and « is of
type By or BCs, A+ a and « are orthogonal and have the same length. This implies that
there exists an element of the Weyl group that maps « to A + «. Hence g, and g, have
the same dimension. By Lemma [5.4], for any nonzero Z, € gy, ad(Z)) : 8o — @ria IS
injective, hence bijective. We write &)1 = [Z), CEq + Z4] with ¢ € R and Z, € g, © RE,,.
Since (Z, Eq) = 0, Lemma 5.2 yields (1 — 6)[0E,, Z,] = 0 and thus [0E,, Z,] € &. Hence
ad([0Ey, Z,]) is skewsymmetric. Lemma [5.14] implies [{xta, 0Fa] = [Ex—a) o) = 0. Then,
using the Jacobi identity, we get

0 = <[f)\+a,9Ea],Z)\> = <HZ)\,CEQ+ZQ],9EQ],Z)\>
_C<HE0!79E0£]7 Z)\]v Z)\> - <[[Z0470E04]7 Z)\]u Z)\)
=\ ) (B, Eo)(2x, Z0) = (ad([Za, 0Fa)) 20, Z)) = c(As ) (B, Ea)(2x, Z5)-

Hence ¢ = 0 and our assertion follows.
Now we claim that gy ® gasoa C 5,. By Lemma 514 we have

Zpyaprion (R(1=0)Ey) = {(1 = 0)(nx + Mrt2a) € Pa @ Pas2a © [Mr, Lol = [Mri20, 0Ea]},

whose dimension coincides with dim p,. Note that 7)., is uniquely determined by 7, since

Hn)\a Ea]a Ea] = Hn)\—i-Zom eEa]a Ea] - _[[9E057 Eoc]> 77)\—1—201] = _<Eon Ea) <Oé, A + 2a>n)\+2a~

Since H, € §,, by Lemma [5.14] there exists S € t such that S + H, € §. We prove
that Zp, ap, ... (R(1 — 0)E,) is invariant under ad(S). Let X € g, © RE,. Then there
exists T' € t such that T+ X € § by Lemmas 5.8 and 5.14l Hence, [S + H,,T + X] =
(ad(S) + (a,a)1,,)X € §N g, C 5, Using again Lemma B.I4 we get 0 = ((ad(S) +
(o, a)1,)X, (1 - 0)E,) = —(X,ad(S)E,). Since X € g, ©RE, and ad(S)E, € g, ©RE,
(because ad(S) is skewsymmetric), the above equation implies [S, E,] = 0. Note that
[S,0E,] = 0[S, E,] = 0. Now assume that (1 — 0)(nx + x20) € Zp,aprien R(1 — 0)Ey).
We have to show that (1 — 6)([S,m] + [S, m+24]) € Zp (R(1 — )E,). Indeed, using
the Jacobi identity and [S, E,] = 0 we get

HS? 7])\]7 Ea] = _Hn)\? Ea]? S] = _[[nA+2a7 HEa]v S] = [[Sv 7])\+2a]7 Ea]'

ADPA+20
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This proves that Z, ep, .. (R(1 — 0)E,) is invariant under ad(S).

Let Z, € g). Then there exists Zyi0, € gri2qo such that Z, + Zy 9, is perpendicular
to Zp,apyi0n (R(1 — 0)E,). Thus Lemma 5.8 yields that Z + Zxi2, € 5,, and so there
exists T' € t such that T+ Z) + Zy124 € 6. Hence [S + H,, T 4+ Z) + Zyi24) = [S, Za +
Zyioa] + (N ) Zy + (A + 20, ) 2196 € 5N (gr D Gasoa)- AS Zy + Zyi2q is perpendicular
t0 Zpyapy 0 (R(1 = 0)E,) and Zy gp, . (R(1 = 0)E,) is ad(S)-invariant, it follows that
(S, Zx + Zx424] is also perpendicular to Zp, gy, ,,.(R(1 —0)E,), and so [S, Zx + Zxj24] € $n
by Lemma 5.5 Hence, (\, a)Zy + (A + 20, ) Zy1204 € §,. Since A and « span a root
system of type By or BCy we know that (A, o) < 0 and (A + 2a,a) > 0. Therefore we
have Z, € §,,, which implies g, C 5,. Similarly, one can show g, 2, C 5,, which proves
our claim. Hence, &), &) 124 = 0.

We have that (g, © RE,) ® g\ C 6,. Let X € g, ©RE, and Y € g,. There exist
S,T € tsuch that S+ X, T +Y € 5. Hence, [S+ X, T+Y]| =[S, Y] - [T, X]|+[X,Y] €
5N(gaPPrDPasrnr) C 6,. Then, by Lemma[5.8 the right-hand side of the previous equation
is orthogonal to (1 —0)E, so [T, X]| € go © RE, C §,. Since [S,Y] € g\ C 5, we conclude
[X,Y] €5,. As X and Y are arbitrary, {x1q € [go © RE,, g5] C 5,. This implies {14 =0
and finishes the proof for a-strings of A\ of length 3.

Finally, assume that the length of the a-string of A is 4. In this case we may assume
A—a, A+4da g X and M, A+ o, A+ 2a, A+ 3a € 7. Then o and A span a root system
of type Ga. A consequence of this fact is that all four restricted root spaces have the same
dimension. Now, by Lemma[5.4], the linear map ad(FE,) : gx — @x+a 1S injective, and hence
bijective. Thus, we can write 1o = [Ea, X)] with X € g). We get from Lemma [£.14]
that

0= [Erar Eo] = [Ertas OFL] = [[Ea, XA], O0E,] = —[[0FEa, Eu], Xa] = —(\, a)(Eq, Eqa) X

Since (A, a) # 0, this implies X, = 0, and hence &,,, = 0. Since A + 3o — (—a) € ¥ and
A+30+ (—a) €3, Lemma BBl and (€50, 0Fa] = [Exa, Bl = 0 imply &3450 = 0.

Another application of Lemma [5.4] implies that ad(0E,) : gax13a — @ar2a 1S injective
and hence bijective. A similar argument as before writing {120 = [0Eq, Xai34] With
X130 € Gxrr3q yields, using Lemma [5.14],

0 = [5)\+4a79Ea] = [£A+2Q7Ea] = [[HEaaX)\—l—ZSa]aEa]
(B, 0Bo], Xogsal = 0+ 30, @) (Eay Ea) Xssa.

Hence, X3, = 0 and &\124 = 0 because (A +3a,a) #0. Since \—a € ¥ and A+ a € X,
Lemma B4 and [€y, Ea] = [€xi24, 0Fs] = 0 imply &, = 0. O

We define ¥ = {y € A: (y,a) = 0 for all & € ®}. The root subsystem of ¥ generated
by W is denoted by Xg. We also denote by 2® the set of roots of the form 2a with a € .
Of course, the number of elements of 2® is at most the number of irreducible components
of 3. The root subsystem generated by ¥ U ® is ¥y U P U 2.
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Lemma 5.16. We have

5pi Cap @ (@R(l — e)Ea> @ (py ©a).
acd

Proof. If ® = () then ¥ = A and Y¢ = X, and so the assertion is that %j C p and there
is nothing to prove in that case. Hence, we may assume that ® # (). It can happen
that ® U ¥ = A. By definition of ¥ this implies that ¥ is reducible, and in fact it is the
direct sum of two root systems, one generated by ¥ and the other one generated by .
Moreover, each element of ® is in an irreducible component of rank one of 3. In that case,
Yy = X\ (®U2P) and the result follows readily from Lemma [5.14l Hence, we may also
assume that ® U ¥ # A.

Let Z = H®Y" be the characteristic element in a of the gradation g = @, ., g%y of g
corresponding to the parabolic subalgebra qeuy. We claim that if A € 3T and M(Z) =1
then there exists a € ® such that A\+a € ¥ or A\ —a € X7,

In order to prove this, let A\ € X* be such that A\(Z) = 1. If (A\,a) # 0 for some
a € &, then A), # 0, where A,, is the corresponding Cartan integer. This clearly implies
our claim. Thus we may assume (A, o) = 0 for all a € . Write A = >___\ n,y with
ny > 0. Then by hypothesis, 1 = MZ) = >\ (uw) Ny Since n, > 0 we can then
write A = Y 5N + B+ p, where 3 € A\ (P U V) and p € span¥. Now, since ®
consists of orthogonal roots, for each @ € ® we have 0 = (A, a) = no(a,a) + (6, a) =
(na + Aga/2){a, ) so the Cartan integer satisfies Ag, = —2n,. It cannot happen that
ne = 0 for all & € ® because in that case the previous equality implies (5, ) = 0 for all
a € ® and hence € ¥, contradiction. Therefore we can find o € ® such that n, > 0.
We will see that A £ a € X1, from where the claim will follow.

By the properties of Cartan integers, the equation Az, = —2n, can only hold when
n, = 1 and {«, 5} spans a root system of type By (or BCy). It is also obvious that A
must be a root of the root subsystem of ¥ determined by the irreducible component where
both o and § lie. Hence, the connected component of o and ( in the Dynkin diagram of
the original root system X has a double arrow pointing to a. Therefore, this connected
component is one of B,., C,., BC. or F;. Relabel the corresponding reduced Dynkin diagram
as indicated in the following figure:

o ) Q-2 15} @ Qi1

According to this labeling p € span{aq, ..., a;_o, 19, ...} (whenever the corresponding
simple roots exist). However, since «; is orthogonal to o and 3 for ¢ > 14 2, it follows that
A can be a root only if u € span{ay, ..., _s}, so the problem reduces to studying a root
of the form \ = Zizl n;a; in a root system of type B; or BC) with the labeling as above
and with n;_1 = 1, n; > 1. By the description of all roots for these root systems, A must
be of the form A =a; +---+a;or A =q; + -+ + a;_1 + 2. Only the first of these two
possibilities can be orthogonal to «, and in that case it follows that A\ =« € X7,
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Therefore, if A € X7 and A(Z) = 1 there exists & € ® such that A + a € T or
A —a € X7, Since X # «, 2, we can now apply Lemma [E.I5 to obtain that g§ g C 6,
Since the gradation is of type «p, it follows from Lemma [5.13] that @k21 g%y C 5,. This

implies that épl is contained in the projection of g° onto p. Obviously A(Z) = 0 if and only
if A € ¥g UP U2d. Combining this with Lemma [5.14] we get the result. O

Now we turn our attention to the a-part of 5, and define ¥ = {A € £ : Map ©V) = 0} =
{NeX: HycV®da®}. Itisobvious that X is a (possibly empty) root subsystem of ¥.. We
denote by X1 a set of positive roots with respect to an ordering consistent with that of 3.
We define II = A N'Y and denote by Yy the corresponding root subsystem of ¥ generated
by II. Consider in ¥j; an ordering compatible with that of ¥ so that ¥j; = Xy N2,

Lemma 5.17. We have

ﬁ;‘ Cag D (@R(l — Q)Ea> S5 (pn o Cl) .
acd
Proof. Write £ € p as § = o+ D \ext (1 — 0)€y with § € a and &, € gy for each A € ¥F.
Given H € ap©V we get [H,&] = (1+6) >, .5+ A(H )&y, which implies that the centralizer
ofag ©Vinpis Zy(as O V) =a® (Pyess br)-
For any a € ® it is obvious that a(ags © V) =0, and so & C ¥. Using Lemma and
Zy(ap © V) = a® (Pyes+ pa) we easily get

ﬁj Cag P (@ R(1— H)Ea> &) @ P

acd AEXFNE

This implies that for any A € X+ \ (® U (Xg NX)) we have gy € §,. We will use this fact
several times during this proof.

Let Z = HM\W\ID be the characteristic element in a of the gradation g = D.c 9?\\(\1/\11)
of g corresponding to the parabolic subalgebra qa\w\m). Let A € X3 be written as A =
> ey yy and assume A(Z) = 1. Then 1 = A(Z) = > g\ 11y, 50 we can write A = a +p,
where av € W\ IT and p € spanIl. By definition of x it is obvious that p(ae © V) = 0, and
by definition of « it is clear that A(as ©V) = a(aps © V) # 0, that is, A ¢ 3. Thus we have
g C §,. On the other hand, assume A € ¥\ ©§ satisfies A(Z) = 1. Then we conclude
gx C 5, unless A € ®. The latter case is not possible since ® C A\ W C A\ (¥ \ IT), which
would imply A\(Z) = 0. Hence, the conclusion is that for any A € T satisfying A\(Z) = 1
we have g, C §,. This implies that 9/1\\(\1/\H) C §,, and hence, by Lemma 4.13 we have

k C §,. Combining this with the above inclusion for &} implies the result. [
k>1 9A\(0\I1) g P
We are now ready to determine s,,.
Lemma 5.18. We have s,, = 59 v.4.

Proof. Fix a € II. Since a € 3 we have a(ag © V) = 0 and hence H, € V @ a®. On the
other hand, o € X} so H, € ag. Since ag N a® = {0}, Proposition BT (iii) applied to &
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implies H, € V C (Ad(g)s),. Thus there exists S € t such that S + H, € Ad(g)s. Let
X € g,. By definition of Il and Proposition [5.11] (iv) we get g, C (Ad(g)s),. Then there
exists T € t such that 7'+ X € Ad(g)s. Since Ad(g)s is a Lie algebra and [t, g.] C ga
we have [S + H,, T + X] = [S, X] + [Ha, X] = (ad(S) + (o, a)1,,)X € (Ad(g)s) N ga,
where 14, is the identity of g,. Since the linear map ad(S) is skewsymmetric, it follows
that ad(S) + (o, a)1ly, : ga — go is an isomorphism. However, X € g, is arbitrary, and
SO go C Ad(g)s. Since a € II is also arbitrary it follows that for all & € II we have
9o C Ad(g)s.

Let us denote by n* = n* Nny the direct sum of root spaces associated with roots of 3j;
of level s (note that the level of a root in Xj; coincides with the level of this root as a root
of ). The previous argument shows that n' C Ad(g)s. Choose a basis {E}, ..., E.} of
n!. Since g € N it follows that Ad(g)(n©n') C nen', and as Ad(g) is an automorphism
equality holds. Hence, by definition of § and 5 it is obvious that Ad(g)s = § + (n © nl).
Therefore, for each i, there exists X; € n & n! such that E; + X, € 5.

We introduce the following notation. Define [Y,Ys,..., Y]] = [V, [Ys, ..., Y]] induc-
tively, being [V}, Y»] the usual Lie bracket. Denote by & the level of the highest root of .
Let s be the smallest integer for which #* @ --- @ 0¥ C 8,. Our aim is to prove s = 1.

First we prove s < k, that is, n* C §,,. Since [n%, n’] C n®** and no(n'@n?®- - -@n*) C 5,
by Lemma [5.I7, we have [E;, + X;,, ..., E;, + X;,] = [E4y, ..., Ei, ] mod &,. Here we have
used the fact that the level of a root in Xt is the same as the level of that root as a root
of ¥*. The brackets of k vectors in the right-hand side of the previous formula span a*
whereas the brackets on the left-hand side belong to § N n because § N n is a subalgebra.
Since 5§ Nn C §,, this implies a* C 5,,.

Now assume s > 1. Hence n* @ ---@a* C §, but a°~! ¢ 5,,. We use again [n% n’] Cn
and no(nt*®n?@---®n*!) C 5,, which follows from Lemma [5.17 and the definition of s.
Thus we get [E;, + Xiy,..., Ei, , + X, ] = [Eiy, ..., Ei,_,] mod §,. Again, the brackets
in the right-hand side of the congruency span n°~! whereas the brackets in the left-hand
side belong to § Nn C 5,. Then we get n°~! C §,, which is a contradiction. Therefore
s =1 and thus ' @ --- ®a* C §,. Altogether this implies

(ap O V)@ (@ R(1 — H)Ea) C 5y Cag @ <@ R(1 — H)Ea> .

acd acd

a+b

Since V' C (Ad(g)s),, by Proposition 5111 (iii) and n ©n! C §, by the above equation, it
follows from Ad(g)s =& + (n © n') that §, = sq .

Let T+ H+ X € s withT € t, H € aand X € n. By hypothesis, the connected subgroup
S of G with Lie algebra § induces a hyperpolar foliation. Let E = — Y oco Galin and
g = Exp(E). Tt follows from Proposition 511 (vi) that [§., E£] = 0, and hence Ad(g~")(T +
H+X)=T+ Ad(g7")(H + X). Proposition 510 shows that Ad(g")ss v = 54 v.4. Since
s = Ad(g™1)s, the result follows. O

To conclude our proof we need to prove the following result:
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Proposition 5.19. Let t ® a ® n be a maximally noncompact Borel subalgebra of g. Let s
be a subalgebra of t & a & n such that s, = Taen(s) = So.v,o With some orthogonal subset ®
of A. Assume that the orbits of the connected subgroup S of G whose Lie algebra is s form
a homogeneous foliation on M. Then the actions of S and S, are orbit equivalent.

Proof. First, assume s is a subalgebra of t ® a @ n such that s,, = s . Certainly, s, is
a subalgebra of a @ n. Denote by S and S,, the corresponding connected subgroups of G.
Also, denote by N the connected subgroup of G whose subalgebra is n& (B,co RE,). We
prove that S and S,, have the same orbits.

Assume that 7'+ H € s with H € a and ¢t € t. Let X € n6 (@, RE,). By
definition, there exists R € s such that R+ X € 5. As t® a is abelian, [T+ H, X]| =
[T+ H,R+ X] € sNn. Hence, if tan € S, there exists n’ € N such that tan = n'ta. Since
t @ a is abelian we have ta = at, and since a normalizes n © (@aeq, REOC), there exists
n” € N such that n’a = an”. Altogether this implies tan = nta = n'at = an”t. Thus,
tan(o) = an”t(0) = an” (o) and hence S- o0 C S, - 0. Since both orbits S - 0 and S, - 0 have
the same dimension and are connected and complete we conclude S -0 =5, - 0. Now, let
p = exp,(&) with & € 1,(S - 0). Using the fact that S acts isometrically on M and that
t.& = £ by Proposition [B.11] (vii) we get

tan(p) = tan(exp,(§)) = XPyan(o) ((1a1)+§) = XPypi(p) ((an”).) = an”(expo(§)) = an”(p).

Hence, S'-p C S,, - p, and thus equality holds. Since the action of S is hyperpolar, all the
orbits can be obtained in this way, and so S and S,, have the same orbits as claimed above.

Now we deal with the general case, that is, 5,, = s v,4. Let S be the connected subgroup
of G with Lie algebra s. By Proposition 5.1l (v), there exists g € N such that (Ad(g)s), =
Ad(g)s, = s¢v. The subgroup I,(S,) whose Lie algebra is Ad(g)s, = (Ad(g)s), has the
same orbits as I,(S) by the previous argument. Then [,(S,) and S have the same orbits
and hence the theorem follows. 0

Now we finish the proof of Theorem 111 (ii). Let H be a closed subgroup of the isometry
group of M inducing a hyperpolar homogeneous foliation on M. By Proposition (.1, the
action of H is orbit equivalent to the action of a closed solvable subgroup S whose Lie
algebra s is contained in a maximally noncompact Borel subalgebra. Then, there exists a
Cartan decomposition of g = €& p and a root space decomposition g = gg & (®AGE gA)
with respect to a maximal abelian subspace a of p such that the projection of s onto a®n
is given by s, = s, by Lemma [5.I8 Proposition then implies that the actions of
the connected subgroups of G' with Lie algebras s and sg 1, are orbit equivalent. Hence,

the action of H is orbit equivalent to the action of Sy on M, which concludes the proof
of Theorem E.TT1

6. GEOMETRY OF THE LEAVES OF HYPERPOLAR HOMOGENEOUS FOLIATIONS

In this section we study the extrinsic geometry of the leaves of hyperpolar homogeneous
foliations on noncompact symmetric spaces.

32



Proposition 6.1. The orbit Sg v - p is isometrically congruent to Sg v, -0 for some a :
® — R.

Proof. Let D be the left-invariant distribution on M determined by (a&V)@/{g. Obviously,
(a© V) ® Llg is a subalgebra of a @ n, and since AN is simply connected, the leaf of D
through ois D, = Exp((a©&V)&{s)-0. We prove that D is autoparallel. Using the formula
for the Levi-Civita connection it is easy to obtain VyH' = VyE, =0,V H = —a(H)E,
and Vg, Ez = (E,, Eg)H, for any H H € a©oV and o, 3 € ®.

In particular, the leaf D, is totally geodesic in M and since v,(Se,y -0) = (as 0 V) & (s,
it contains the section of Sg 1 through o. Since a section of Sg - intersects all the orbits,
we may assume that p lies in that section and so, the point p can be written as p = g(0)
with ¢ = Exp(X) and X € (a©&V) @ lg. Hence, Sy - p = g(g7 " Savg)-0= gl,(Ssv) - 0.
Since ¢ is an isometry of M, the orbit Sgy - p is isometrically congruent to 1,(Sg v ) - o.
We will now prove that I,(Sev) = Se,v. for some a : & — R, and for that we will show
that Ad(g)ﬁq),\/ =59,V

Let H € a. We show that Ad(Exp H)ssy = s¢,v. First notice that Ad(Exp H)sey C
a @ n, so it suffices to prove that Ad(Exp H)se, is orthogonal to (ap © V) @ fs. Let
X €sgy, H €ap &V and a € &. Then our assertion follows from (Ad(Exp H)X, H') =
(X, Ad(Exp(—0H))H'") = (X, e H"Y = (X, H'") = 0, and

(H

k
k‘) (X,E,) = e*"(X,E,) = 0.

(Ad(Exp H)X,E,) = (X,eE,) = 32
k=0
Write X = H+) " o(TaHy+yo L) with H € ag SV and x4,y € R. Since RH,®RE,
is a subalgebra, there exist constants a,,b, € R such that Exp(a.F.) - Exp(boHs) =
Exp(zaHa + Yalis). This equation and [as, gs] = [g1a}, 9¢s) = {0} for any o, 3 € @,
a # 3, imply

g = (H Exp(zoHa + yaEa)> ExpH = (H Exp(anEy) Exp(baHa)> Exp H

aced acd
= Exp (Z aaEa> Exp (Z baHa> Exp H.
acd acd

Hence, the equality Ad(Exp H')s¢ v = sy for any H' € a and Proposition [5.10 imply

Ad(g)ﬁq;.’v =Ad (EXp (Z aaEa>> Ad (EXp (Z baHa>> Ad(EXp H)§q>7v =59 ,V,a;

aced acd

where a : ® — R, a — a,. This concludes the proof. O

In view of Proposition [6.1], in order to calculate the geometry of the orbits of Sy, it
suffices to study the geometry of the orbit through the origin o of Sy v,, where ® is an
orthogonal subset of A, V' is a linear subspace of ag and a : ® — R is a function. Hence,
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we consider

Spve= (V& a®®n)o (@ R(anHy + Ea)) ,

acd
for certain a, € R and nonzero E, € g,. Note that,

5<I>,V,a - V ® <@ RX@) > (@((ga O ]REOC) D g2a)> S @ gx )

acd aEd AEDH\ (PU2D)

where X, = ﬁHa — an,F,. We denote by 2® the set of roots of the form 2a with o € .

Let X € gy, and £ € (a®n)Ssg y,. Using the formula for the Levi-Civita connection
with respect to left-invariant vector fields we easily obtain

1
AgX = 5[(1 - 9)5, X]5<1>,V,a>

where the subscript denotes orthogonal projection onto s¢ y,q.

Assume first that £ € ag & V. If X € V, then A X = [{,X] = 0. Since { € ag we
also have A X, = [£, X, ] sova = —a®(&)(Ea)sy v, = 0. Analogously, if X € g, © RE,
then A, X = a(f)X , and similarly, if X € go, then also AcX = 0. Finally, if
X € gy with A € X1\ ((ID U Q(I)) then AcX = [€, X]sy ., = AM(§)X. In particular, trA; =
D est\(@uza) (M @A)A(E) = 20(E), where as usual § = 23 ses+ (dimgy)A (see [I8, p
329]).

Now let ¢ = a,H, + E, for some o € . If X € V, then it follows easily that

Ae, X = 21— 08, Xayy, = —50(X) (14 0)8)sy ., =0

For 3 € ® we calculate
1

2|ag/?

AeX, = (—aaw,mEﬁ (0, B)(1+ 6) B + 1aﬁwEa,Eﬁ])

59,V,a
If o # (3, we have as usual that o and 3 are orthogonal and hence A; X3 = 0. If a = 3, we
can write the above expression in terms of £ and X, to get

Ae Xy = <aa|a|2Xa — 15 — 19Ea) = aq]a*X,.
2 2 5%,V,a
Assume now that X € gg © REg with € ® and o # 3. Since a and 3 are orthogonal
we get [(1 —0)&, X] = 2a,(a, B)X + [Eq, X| — [0E,, X] = 0, and thus A¢X = 0. One can
prove in a similar way that A:X =0 if X € gog with § € & and a # S.
Now we turn our attention to the subspace (g, © RE) @ go,. Let X € g, © RE. Clearly,
0F,, X] € go and ([0E,, X],H) = —a(H)(X, E,) =0 for all H € a. Then we get

1 1 1
A X = |agHoy+ zE, — §9EQ,X = ag|a|? X + =

E,, X].
5 5! ]

5%,V,a

34



On the other hand, if Y € gy, we have ([0E,, Y], &) = as{a, a)(Y, E,) = 0, and so

1 1 1
AY = |aoH, + 5B — §9Ea, Y = 2a,|a?Y — 5[eEa, Y]

5%,V,a

It is then clear that A leaves the subspace (g, © RE) @ go, invariant. Moreover, since
for all Y € gon we have [E,,[0E,,Y]] = —[Y,[Ea,0F,]] = —2|a|?Y, the linear map
ad(E,)| ad(0E,)(g24) : ad(0E,)(g24) — @24 is an isomorphism. From here we obtain the
decomposition g, = Ker(ad(E,)|g.) ®ad(0FE,)(go.). Hence, if X € Ker(ad(E,)|g.) we get
from the previous expression that A¢X = a,|a|?X, so Ag¢ restricted to Ker(ad(E,)|ga) is
aq|a)?1,, and the multiplicity is dim g, — dim ga,, — 1. On the other hand, for nonzero Y €
g2q define X = [0E,,Y] € g,. Then the previous formulas read A X = a,|a*X — |a?Y
and A¢Y = —3X + 2a,|a|?Y. The eigenvalues of the matrix

aa‘a|2 _%
—lol*  2aa|af?
are % <3aa|a| +2+ a?l|04|2>'

Before continuing we need the following (recall that £ = & = a,H, + E,)
Lemma 6.2. ad((1 - 0)¢) (n & (@, ca(8, © 821)) ) € 06 (B, cols, D 52-)).

Proof. Let Y e n o (@%@(9’7 > gg,y)>. By the properties of root systems, it is clear that
ad((1 —6)§)Y Cn. For € ® and Z € gz we calculate

(ad((1 = 0)9)Y, Z) = (ad((1 = 0)§) Z,Y) = 2aa(a, BN(Z,Y) + ([Ea, Z],Y) = ([0Ea, Z],Y).

By assumption we have (Z,Y) = 0. Now, if @ # 3, [Ea, Z] € gasp = 0 and [0E,, Z] €
g9s-a = 0. If a = B, [E4, Z] € gaa and so ([Ey, Z],Y) = 0, and [0E,, Z] € go, and so
(PE, Z],Y) = 0. In any case, (ad((1 —0)£)Y, Z) = 0.

If Z € gop a similar calculation shows (ad((1 — 0)§)Y, Z) = ([E,, Z],Y) — ([0Es, Z],Y).
If a# 0, [Eq,Z] € garop =0 and [0E,,Z] € gop—a = 0. If @ = 3, [Es, Z] € g3 = 0 and
0F., Z] € go so ([0E,, Z],Y) = 0. In any case, (ad((1 — 0)§)Y,Z) = 0 and the result is
proved. U

Now define ¢ = Exp(\/%r'a‘(l + 0)E,)) for « € ®. It is well known that ¢ € Ng(a).

Moreover, we have

Lemma 6.3. Ad(¢) (n S (@y@(gy ® 927)>) cnée <@Ve¢(gy ® 927)).

Proof. The argument given in the proof of the previous lemma can be applied here to

show that ad((1 +6)¢) <n o (@@(gw @ g},))) cnoe (@@(gw ® g%)). Since Ad(¢) =
S (2 )mad((1 + 6)€)™, the result follows. 0

m=1 mI\ /2|
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Finally, let X € g, with A € X1\ ®. Then, using the previous two lemmas, Ad(¢)H, =
—H, and Ad(¢)((1 —0)E,) = —(1 — 0)E,, we get

d(¢) [—2a0H, — (1 — 0)E;;, X |

— Ad() [—124%3.,)(} — — A(D)AX.

In particular this implies trd; = a,|a|?(dim g, + 2 dim ga,,).
We summarize all these calculations in the following

Proposition 6.4. Let Sg v, be the connected subgroup of G whose Lie algebra is $¢,v,q.
Let us write X, = ﬁHa — aoFy and denote by A¢ the shape operator of Se v, - 0 with
respect to a normal vector £ € (a & n) © sgy,,. We have:

(1) If¢ € ap0V, then the restriction of A¢ to V& (@,Y@]RXA,) 0 <@ﬁ/€¢(gﬁ, O ]RE,Y)> ®

<@7€q>g2ﬁ,> is zero and the restriction of A¢ to gy for A € E1\ (PU2D) is A(&)1,,.
(2) If £ = anH, + E, we have:
(a) The restriction of A¢ to V @ (@V@\{Q}RXV) @ (G%eq,\{a}(gV @REV)) ®

(Gave@\{a} ggv> is zero.

(b) AcX, = aqla*X,.

(c) We can decompose g, as go = Ker(ad(E,)|ga) Dad(0E,)(g2.). The restriction
of A¢ to Ker(ad(Ey)|ga) ORE, 1S aa|a*1ker(ad(Ea) | ga)oR B, ad the dimension of
Ker(ad(E,)|ga) ORE, is dim g, —dim go, —1. The subspace ad(0E,)(g2q) D goa
is invariant under A¢ and A¢ acts with eigenvalues

';i‘ <3aa\a| + 2 a3|o42)
whose multiplicities are dim ga,, .
(@) 1f6 = Bxp (= (1+0)Ea)) € Ni(a) then 1S (D0 (8, © g21) ) s imvariant
by A¢ and Ad(¢), and A Ad(¢) = — Ad(¢)Ae. In particular, if AcX = cX,
then A¢ Ad(¢)X = —cAd(¢)X.

The mean curvature vector H, defined with respect to an orthonormal basis {e;} as
H=>,1I(e;e;), is in our case

H = 2m4p0v(Hs) — Z aqo|a?(dim g, + 2 dim goy ) (a0 Hy + E.),

acd

where as usual 7,0y denotes orthogonal projection onto ap © V.
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We recall that the horocycle foliation is induced by the group N, the action of the
nilpotent part of some Iwasawa decomposition. In this case we have:

Corollary 6.5. The orbits of the horocycle foliation are isometrically congruent to each
other and their shape operator with respect to a vector & € a is given by Ae = ad(§)n =

@)\62+ )‘(5) 19)\ :

Remark 6.6. Let M be a symmetric space of rank one. Assume that A = {a}. There are
up to congruency two possible hyperpolar homogeneous foliations, namely, the horosphere
foliation, which is the same as the horocycle foliation in this case, and the solvable foliation,
where ® = {a}. In both cases the foliation is by homogeneous hypersurfaces.

All the leaves of the horosphere foliation are congruent. The principal curvatures of
horospheres are |a| and 2|a| with multiplicities dim g, and dim go, respectively.

Now we consider the solvable foliation, whose leaves are the orbits of the group Sya} {03
If v is a geodesic parametrized by unit speed such 7(0) = o and %(0) is orthogonal to
S{a} {0y - 0, then the path of v is a section of this hyperpolar foliation. The principal
curvatures of the orbit Syay (o3 - 7(7) are

3
—|a| tanh(|a]r), —% tanh(|ar) + |;i|\/2 — tanh(|a|r),

with multiplicities dim g,, dim g, and dim g,,, respectively.
For cohomogeneity one homogeneous foliations see [4].
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