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Problem 1
Classify all of homogeneous hypersurfaces in HSS.

Problem 2
If M is a connected hypersurface with isometric Reeb flow in
HSS M̄, then M becomes homogeneous ?
Answer: Yes, For G2(Cm+2) Berndt and Suh: Monat(2002), For
Qm Berndt and Suh: IJM(2013), and Qm∗ Suh: CCM(2018),
For HSS, Berndt and Suh: CCM(2020).

Problem 3
If M is a connected contact hypersurface in Hermitian
symmetric spaces M̄, then M becomes homogeneous ?
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Definition
A hypersurface M: Isometric Reeb Flow ⇐⇒ Lξg = 0 ⇐⇒
g(dφtX ,dφtY ) = g(X ,Y ) for any X ,Y∈Γ(M), where φt denotes
a one parameter group, which is said to be an isometric Reeb
flow of M, defined by

dφt

dt
= ξ(φt (p)), φ0(p) = p, φ̇0(p) = ξ(p).

Note)
Lξg = 0 ⇐⇒ ∇jξi +∇iξj = 0, ∇ξ: skew-symmetric ⇐⇒
g(∇X ξ,Y ) + g(∇Y ξ,X ) = 0 ⇐⇒ g((φS − Sφ)X ,Y ) = 0 for
any X ,Y∈Γ(M).
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Herm. Symm. Spaces with Isometric Reeb Flow

(A) The complex Grassmann manifolds
Gk (Cr+1) = SUr+1/S(UkUr+1−k ),
(B) The complex quadrics Qr+2 = SOr+2/SOr SO2, (r≥3),
(C) The complex Lag. Grassmann Spr/Ur , r≥3, the set of
all complex r -dim Cr in Hr ,
(D) The symmetric spaces SO2r/Ur , (r≥5), the space of
all almost complex structures on R2r ,
(E6) The complexified Cayley proj. plane E6/Spin10U1,
(E7) The excep. Herm. Symmetric Spaces E7/E6U1.

For Gk (Cr+1) in (A) with k = 1 by Okumura (TAMS. 1976),
k = 2, by Berndt and Suh (Monat. 2002), and for
Qr+2 = SOr+2/SOr SO2, also by Berndt and Suh (IJM. 2013).
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Complex k Grassmannians Gk(Cr+1)

M̄ = G/K = SU(r + 1)/SU(k)SU(r + 1− k) = Gk (Cr+1),

4+ = {εi − εj |i < j ,1≤i , j≤r + 1},

Λ = {α1, · · ·, αr}, αi = εi − εi+1,

4+ = {αν + · · ·+ αµ|1≤ν < µ≤r},

4+
M̄

= {ανµ∈4+|1≤ν≤k≤µ≤r},

where ανµ = αν + · · ·+ αk + · · ·+ αµ.
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Note that |4+
M | = k(r + 1− k) = 1

2dim(Gk(Cr+1)) and

ToM̄ =
⊕

α∈4+
M̄

Cuα.

Now we define two subsets

4+
M(0) = {αν,µ∈4+

M |ν > 1 and µ < r},

4+
M(1) = {αν,µ∈4+

M |ν = 1 or µ = r} − {α1,r}.

Then it follows that

4+
M = 4+

M(0)∪4+
M(1)∪{δ},

where δ = α1,r = α1 + · · ·+ αr∈4+
M denotes the highest root.
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Now let us denote by Mt the tubes of radius t around Σ, with t
sufficiently small. We choose uδ

|uδ| for the direction of the normal
geodesic in M̄ with γ(0) = o and γ̇(0) = uδ

|uδ| .

We consider the End(γ⊥)-valued Jacobi differential equation

Y ′′ + R̄⊥γ ◦Y = 0.

Then the shape operator S(t) of Mt with respect to −γ̇(t) is
given by

S(t) = D′(t)◦D−1(t).

By the expression of the shape operator, we can assert that the
Reeb flow of a tube over a complex totally geodesic
Grassmannian Gk (Cr ) in Gk (Cr+1) is isometric, that is
Sφ = φS.
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Proposition 1.4.

Let Mt be the tube of radius 0 < t < π√
2

around the totally

geodesic Σ = Gk (Cr ) in M̄ = Gk (Cr+1). Then
1. Mt is a Hopf hypersurface.
2. Principal curvature spaces and multiplicities are given

principal curvature multiplicity eigenspace
α =
√

2 cot(
√

2t) 1 Tα = J uδ
|uδ|

β = 1√
2

cot( 1√
2
t) 2(k − 1) Tβ = νoΣ

λ = − 1√
2

tan( 1√
2
t) 2(r − k) Tλ = T 0

o Σ

µ = 0 2(k − 1)(r − k) Tµ = T 1
o Σ

3. The Reeb flow on Mt is isometric.
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For k = 1 (Okumura, Trans AMS, 1976), and k = 2 (Berndt and
Suh, Monat. für Math. 2002). These geometric structures help
tremendously for explicit tensor calculus.

This time, by using structure theory of real and complex
semi-simple Lie algebras we prove the following

Theorem 1.5. (Berndt and Suh, CCM, 2020)

Let M be a connected orientable real hypersurface in
complex Grassmannians Gk (Cr+1). Then the Reeb flow on M
is isometric ⇐⇒ M is a tube over a complex totally geodesic
Grassmannian Gk (Cr ) in Gk (Cr+1).
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Motivated by the above facts and all of documents mentioned
above, we have the following

Theorem A (Berndt and Suh, CCM, 2020)

Let M be a real hypersurface in Hermitian symmetric space M̄
of compact type. If the Reeb flow on M is isometric, then M is
congruent to an open part of a tube of radius 0 < t < π√

2
around the totally geodesic submanifold Σ in M̄, where

1. M̄ = CPr+1 and Σ = CPk , r≥1, 0≤k≤r ,
2. M̄ = Gk (Cr+1) and Σ = Gk (Cr ), k≥2, r≥3,
3. M̄ = SO2k+2/SO2kSO2 and Σ = CPk , k≥3,
4. M̄ = SO2r/Ur and Σ = SO2r−2/Ur−1, r≥5.

Conversely, the Reeb flow of any such tube is isometric.
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Definition of contact hypersurfaces

Definition

A hypersurface M in m-dim. Kaehler manifold M̄ is contact
⇐⇒ there exists a non-vanishing smooth function ρ on M such
that dη = ρω. Then it is clear that η∧(dη)m−1 6=0.

Note)

Here dη = ρω ⇐⇒ dη(X ,Y ) = ρω(X ,Y ) = ρg(φX ,Y ).

Here the 2-form dη is defined by

2dη(X ,Y ) =X (η(Y ))− Y (η(X ))− η([X ,Y ])

=g((Sφ+ φS)X ,Y )
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A Key Proposition in Kaehler Manifold

A contact hypersurface in a Kaehler manifold is a real
hypersurface satisfying the condition:

Sφ+ φS = kφ, k = 2ρ6=0 : constant

Proposition 2.3. (Berndt and Suh, Proc. AMS., 2015)

Let M be a contact hypersurface in a Kaehler manifold. Then
the following statements are equivalent:

(i) The function α is constant,
(ii) M has constant mean curvature,
(iii) JN is an eigenvector of the normal Jacobi operator R̄N .
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Complex Hyperbolic Space CHm

Theorem 2.1. (Vernon, Tohoku, Math. J., 1987)

Let M be a connected contact real hypersurface in CHm. Then
(A) M is a tube around CHm−1 in CHm,
(B) M is a tube around a totally real RHm in CHm,
(C) geodesic hypersphere
(D) a horosphere.

Note. Every complete contact hypersurface in a complex space
form becomes a homogeneous hypersurface.
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Complex Two-Plane Grassmannian G2(Cm+2)

Theorem 2.2. (Suh, Monat. fur Math., 2006)

Let M be a contact real hypersurface in G2(Cm+2), m≥3, with
constant mean curvature. Then

(B) a tube over a totally real totally geodesic HPm in
G2(Cm+2).
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Non-Compact Grassmannian SU2,m/S(U2Um)

A real hypersurface M in SU2,m/S(U2Um) is said to be a
contact if and only if there exists a non-zero constant function ρ
defined on M such that

φS + Sφ = kφ, k = 2ρ.

This formula means that for any vector fields X ,Y on M

g((φS + Sφ)X ,Y ) = 2dη(X ,Y ),

where dη of the 1-form η is defined by

2dη(X ,Y ) = (∇Xη)Y − (∇Yη)X .
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Then we give a classification of contact real hypersurfaces in
noncompact complex two-plane Grassmannian
SU2,m/S(U2Um) as follows:

Theorem 2.3. (Berndt, Lee and Suh, Int. J. Math., 2013)

Let M be a connected contact hypersurface in SU2,m/S(U2Um),
m≥3. If the Reeb function α corresponding to the Reeb vector
field ξ is constant along the curve of ξ, then M is locally
congruent to one of the following:

(i) a horosphere with singular center at infinity of type
JX⊥JX ,
(ii) (only if m = 2k is even) a tube around the totally
geodesic embedding of the quaternionic hyperbolic space
HHk .
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A Key Proposition in Complex Quadric Qm

For M⊂Qm we know that

R̄NJN = R̄(JN,N)N = 4JN + 2 cos(2t)AJN.

Then JN: eig. vector of R̄N ⇔ t = π
4 or N: A-principal.

Proposition 2.4

Let M be a contact hypersurface in Qm (resp. Qm∗), m≥3.
Then the following statements are equivalent:

(i) JN is an eigenvector of R̄N = R̄(·,N)N ,
(ii)N is A-principal or A-isotropic everywhere,
(iii)The normal vector N is singular in Qm (resp. in Qm∗).
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Contact Hypersurfaces of Type (B)

By virtue of key Propositions and some remarks mentioned
above, first we give a classification of contact hypersurfaces in
Qm as follows:

Theorem 3.1. (Berndt and Suh, Proc. AMS., 2015)

Let M be a connected real hypersurface with constant mean
curvature in complex quadric Qm, m ≥ 3. Then M is contact
⇐⇒ M is an open part of a tube of radius 0 < r < π

2
√

2
around

the sphere Sm embedded in Qm.
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Complex Hyperbolic Quadric Qm∗

We realize the complex hyperbolic quadric
Qm∗ ' SO2,m/SO2SOm. As Q1∗ ' RH2 = SO1,2/SO2, and
Q2∗ ' CH1 × CH1, we suppose m ≥ 3. Let G := SO2,m be a
transvection group of Qm∗ and K := SO2SOm be the isotropy
group of Qm∗ at p0 := eK ∈ Qm∗. Then

σ : G→ G, g 7→ sgs−1 with s :=


−1
−1

1
1

. . .
1


is an involution of G with Fix(σ)0 = K , and therefore
Qm∗ = G/K .
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Theorem 3.2.

The tube M around the totally geodesic Qm−1∗ in Qm∗ exists
for every radius r > 0 . For M the following statements hold:
(1) Every normal vector N of M is A-principal.

(2) M has constant principal curvatures. Then the principal
curvatures and the principal curvature spaces are

principal curvature curvature space multi
λ = 0 J(V (A)	 RN) m − 1
µ = −

√
2 tanh(

√
2r) V (A)	 RN m − 1

α = −
√

2 coth(
√

2r) RJN 1

(3) M is contact, that is, Sφ+ φS = kφ.
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The horosphere with center at infinity γ(∞) through some
point p ∈ M̄ is defined as

C(p, γ(∞)) =

{
q ∈ M̄

∣∣∣∣ lim
t→∞

(
d(q, γ(t))− d(p, γ(t))

)
= 0

}
.

We consider M̄ = G/K with the “origin” o := eK ∈ M̄ , the
Cartan decomposition g = k⊕ p and a Cartan subalgebra
a ⊂ p . Further consider the root system Σ ⊂ a∗ and for a
positive root system Σ+ ⊂ Σ , n :=

⊕
λ∈Σ+ gλ is a nilpotent

subalgebra of g , and

g = k⊕ a⊕ n

is an Iwasawa decomposition of g .
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Now suppose that a unit vector H ∈ a is given. Then

sH := (a	 RH)⊕ n,

is a solvable Lie subalgebra of g .

Let SH be the connected subgroup of AN with Lie algebra sH .
Then the orbits of the action of SH on M̄ are the horospheres
of M̄ with the center at infinity γH(∞) , where γH is the
geodesic with γH(0) = o and γ̇H(0) = H (and where we
identify p with TeM̄ in the usual manner). In particular we have

C(o, γH(∞)) = SH · o,

where the shape operator of C(o, γH(∞)) with respect to the
unit normal vector H is given by ad(H)|sH
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Theorem 3.4

Let M be a horosphere in Qm∗ with its center at infinity being
given by an A-principal geodesic γ . Then the following
statements hold:
(1) Every normal vector N of M is A-principal.

(2) M has constant principal curvatures. Then the principal
curvatures and the principal curvature spaces are

principal curvature curvature space multi
0 J(V (A)	 RN) m − 1
−
√

2 (V (A)	 RN)⊕ RJN m

(3) M is contact, that is, Sφ+ φS = kφ.
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Contact hypersurfaces of type (B) in Qm∗

Theorem 3.5. Suh and Klein, Anali di Mate, 2019

Let M be a connected real hypersurface with cmc in Qm∗,
m ≥ 3. Then M is contact if and only if M is an open part of one
of the following

(i)the tube of radius r∈R+ around Q(m−1)∗ in Qm∗,
(ii)the tube of radius r∈R+ around RHm in Qm∗ as a real
form of Qm∗.
(iii) a horosphere in Qm∗ with A-principal in Qm∗.

Y.J.Suh Real Hypersurfaces



Hypersurfaces in Hermitian Symmetric Spaces
Contact Hypersurfaces in HSS

Other Topics and Constant Reeb Function
References

Contact Hypersurfaces and Related Topics
Contact Conjecture
Focal Submanifolds and Examples

Contact hypersurfaces of type (B) in Qm∗

Theorem 3.5. Suh and Klein, Anali di Mate, 2019

Let M be a connected real hypersurface with cmc in Qm∗,
m ≥ 3. Then M is contact if and only if M is an open part of one
of the following

(i)the tube of radius r∈R+ around Q(m−1)∗ in Qm∗,
(ii)the tube of radius r∈R+ around RHm in Qm∗ as a real
form of Qm∗.
(iii) a horosphere in Qm∗ with A-principal in Qm∗.

Y.J.Suh Real Hypersurfaces



Hypersurfaces in Hermitian Symmetric Spaces
Contact Hypersurfaces in HSS

Other Topics and Constant Reeb Function
References

Contact Hypersurfaces and Related Topics
Contact Conjecture
Focal Submanifolds and Examples

Contact hypersurfaces of type (B) in Qm∗

Theorem 3.5. Suh and Klein, Anali di Mate, 2019

Let M be a connected real hypersurface with cmc in Qm∗,
m ≥ 3. Then M is contact if and only if M is an open part of one
of the following

(i)the tube of radius r∈R+ around Q(m−1)∗ in Qm∗,
(ii)the tube of radius r∈R+ around RHm in Qm∗ as a real
form of Qm∗.
(iii) a horosphere in Qm∗ with A-principal in Qm∗.

Y.J.Suh Real Hypersurfaces



Hypersurfaces in Hermitian Symmetric Spaces
Contact Hypersurfaces in HSS

Other Topics and Constant Reeb Function
References

Contact Hypersurfaces and Related Topics
Contact Conjecture
Focal Submanifolds and Examples

Contact hypersurfaces of type (B) in Qm∗

Theorem 3.5. Suh and Klein, Anali di Mate, 2019

Let M be a connected real hypersurface with cmc in Qm∗,
m ≥ 3. Then M is contact if and only if M is an open part of one
of the following

(i)the tube of radius r∈R+ around Q(m−1)∗ in Qm∗,
(ii)the tube of radius r∈R+ around RHm in Qm∗ as a real
form of Qm∗.
(iii) a horosphere in Qm∗ with A-principal in Qm∗.

Y.J.Suh Real Hypersurfaces



Hypersurfaces in Hermitian Symmetric Spaces
Contact Hypersurfaces in HSS

Other Topics and Constant Reeb Function
References

Contact Hypersurfaces and Related Topics
Contact Conjecture
Focal Submanifolds and Examples

Horosphers in Complex Hyperbolic Grassmannians
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Contact Hypersurfaces in HSSM

Proposition 4.1.

Let M be a contact hypersurface of an irreducible Hermitian
symmetric space M̄. Then we have dα(JN) = 0.

Proposition 4.2.

Let M be a contact hypersurface of an irreducible Hermitian
symmetric space M̄, n > 2. If SX = λX with X ∈ C, then

(2(α− λ)− ρ)dα(X ) = 0.
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We have the following

Proposition 4.3.

Let M be a connected orientable real hypersurface with
geodesic Reeb flow in an Hermitian symmetric space M̄. Then

dα(JN)g((Sφ+ φS)X ,Y ) = η(X )g(R̄NJN,SY )

− η(Y )g(R̄NJN,SX )− αη(X )g(R̄NJN,Y )

+ αη(Y )g(R̄NJN,X )− 3g(R̄NJY , JSX )

+ 3g(R̄NJX , JSY )− g(R̄NY ,SX ) + g(R̄NX ,SY ).
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For the special case of contact hypersurfaces Proposition 4.3
implies

Proposition 4.4.

Let M be a connected orientable contact hypersurface in an
Hermitian symmetric space M̄. Then

ρdα(JN) =g(R̄(X ,N)N, JSX ) + g(R̄(JX ,N)N,SX )

− 2ρg(R̄(JX ,N)N,X ).

for all X ∈ C with ‖X‖ = 1.
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Summing up all of Propositions 4.1, 4.2, 4.3, and 4.4, we can
assert the folowing

Theorem 4.1. Berndt and Suh, 2020

Let M be a connected orientable contact hypersurface in an
irreducible Hermitian symmetric space M̄n, n > 2. Then the
following statements hold:

(i) α is constant;
(ii) M has constant mean curvature;
(iii) JN is an eigenvector of the normal Jacobi operator

R̄N = R̄(·,N)N everywhere.
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Contact Conjecture 4.2

Theorem 4.2. (Berndt and Suh)

Let M be a connected real hypersurface of an irreducible
Hermitian symmetric space M̄ of compact type and
dimC(M̄) ≥ 3. Then M is a contact hypersurface of M̄ if and
only if M is a geodesic hypersphere in CPm or an open part of a
tube of radius 0 < r < π√

8
around the real form Σ of M̄, where ;

(i) Σ = RPk and M̄ = CPk (k ≥ 3)
(ii) Σ = Sk and M̄ = G+

2 (Rk+2) (k ≥ 3)
(iii) Σ = HPk and M̄ = G2(C2k+2) (k ≥ 2)
(iv) Σ = OP2 and M̄ = E6/Spin10U1.
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Contact Conjecture 4.2’

Theorem 4.2.1. (Berndt and Suh)

Let M be a connected real hypersurface of an irreducible
Hermitian symmetric space M̄ of compact type and
m = dimC(M̄) ≥ 3. Then M is a contact hypersurface of M̄ if
and only if M is an open part of a tube around a Kähler C-space
Σ which can be embedded as a complex hypersurface into M̄:

(i) Σ = CPm−1 and M̄ = CPm (m≥3),
(ii) Σ = Qm−1 and M̄ = CPm (m ≥ 3)
(iii) Σ = Qm−1 and M̄ = Qm

(iv) Σ = Spm+1/Spm−1U2 and M̄ = G2(C2m+2) (4m≥8)
(v) Σ = F4/Spin7U1 and M̄ = E6/Spin10U1 (m = 16).
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Contact Conjecture 4.3

Theorem 4.3. (Berndt and Suh)

Let M be a connected real hypersurface in Hermitian symmetric
space M̄ of non-compact type and dimC(M̄) ≥ 3. Then M is a
contact hypersurface of M̄ if and only if M is locally congruent
to a tube of radius 0 < t < π√

8
around the real form Σ of M̄,

where ;
(i) Σ = RHk and M̄ = CHk (k ≥ 3)
(ii) Σ = RHk and M̄ = G∗2(Rk+2) (k ≥ 3)
(iii) Σ = HHk and M̄ = G∗2(C2k+2) (k ≥ 2)

(iv) Σ = OH2 and M̄ = E−14
6 /Spin10U1,

(v) a horosphere.
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Kobayashi and Nagano’s Work

S.Kobayashi and T. Nagano (J. of Math. and Mechanics,
Vol.13-5(1964)) have asserted some totally geodesic and
totally real embedding Σ in M̄ as follows:

g = g−1⊕g0⊕g1 such that

[g−1, g−1] = 0, [g−1, g0]⊂g−1, [g−1, g1]⊂g0

[g0, g0]⊂g0, [g0, g1]⊂g1, [g1, g1] = 0

There exists an element Z∈c(g0) such that

[Z ,X ] = ad(Z )X = −X for any X∈g−1,

[Z ,Y ] = ad(Z )Y = 0 for any Y∈g0,

[Z ,W ] = ad(Z )W = W for any W∈g1.
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There exists E. Cartan decomposition g = k⊕p such that

g0 = g0∩k⊕g0∩p,

g−1⊕g1 = (g−1⊕g1)∩k⊕(g−1⊕g1)∩p.

Z∈g0∩p.

Let gu = k⊕ip be a compact real form. Then it follows that

gu = ku⊕mu,

[ku, ku]⊂ku, [ku,mu]⊂mu, [mu,mu]⊂ku.
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Here the subalgebra ku corresponding to the Lie group
Ku = {k∈Gu|Ad(k)Z = Z} and mu are respectively given by

ku = k∩g0⊕i(p∩g0)

mu = k∩(g−1⊕g1)⊕i(p∩(g−1⊕g1)

k = (k∩g0)⊕(k∩(g−1⊕g1) = k0⊕m,

[k0, k0]⊂k0, [k0,m]⊂m, [m,m]⊂k0

H0 = −iZ∈c(ku),
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Hence J = ad(H0)|mu : mu = T0M̄→mu = T0M̄ is a complex
structure on mu = m⊕Jm, because for any X∈mu

J2X = ad(H0)2X = −[Z , [Z ,X ]] = −ad(Z )2X = −X .

We can write Σ as a homogeneous space Σ = G/U. The Lie
algebra u of U is a parabolic subalgebra of g.

Σ = G/U, M̄ = Ḡ/Ū, ḡ = gC = g⊕ig

Σ = KAN/K0AN = K/K0, M̄ = Gu/Ku, gu = k⊕ip,

where the isotropic subgroups are given by

K0 = {k∈K |Ad(k)Z = Z}

Ku = {k∈Gu|Ad(k)Z = Z}
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Then we can write

Σ = K/Ko and M̄ = Gu/Ku.

Explicitly, we have

M̄ =



Qk = SOk+2/SOkSO2 , if Σ = Sk ,

CPk = SUk+1/S(UkU1) , if Σ = RPk ,

CPk × CPk = (SUk+1 × SUk+1)/(S(UkU1)× S(UkU1)) , if Σ = CPk ,

G2(C2k+2) = SU2k+2/S(U2kU2) , if Σ = HPk ,

E6/Spin10U1 , if Σ = OP2.
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Principal curvatures

Now let us denote by Mt the tubes of radius t around Σ, with t
sufficiently small. We choose uδ

|uδ| for the direction of the normal
geodesic in M̄ with γ(0) = o and γ̇(0) = uδ

|uδ| .

We consider the End(γ⊥)-valued Jacobi differential equation

D′′ + R̄⊥γ ◦D = 0.

Then the shape operator S(t) of Mt with respect to −γ̇(t) is
given by

S(t) = D′(t)◦D−1(t).
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For Y (r)∈Jm0⊂T0Σ, and M̄ 6=Qk . Then R̄⊥z ◦Y (t) = 4D(t) and

D′′ + R̄⊥γ ◦D = 0

gives
D(t) = (c1 cos(2t) + c2 sin(2t))Y (t),

with initial conditions D(0) = c1Y (o) and D′(0) = 2c2Y (0) = 0
gives

D(t) = cos(2t)Y (t).

So

Sr
γ̇(r)(cos(2r)Y (r)) = Sr

γ̇(r)D(r) = −D′(r) = 2 sin(2r)Y (r)

implies
Sr
γ̇(r)Y (r) = 2 tan(2r)Y (r).
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Proposition 5.2

Let Mr be the tube of radius r around the totally geodesic
totally real RPk in CPk . Then

1 Mr is a Hopf hypersurface.
2 Principal curvature spaces and multiplicities are given

principal curvature multiplicity eigenspace
2 tan(2r) 1 Jm0
tan(r) k − 1 Jm1
− cot(r) k − 1 m1

3 Mr is contact, Sφ+ φS = −2 cot(2r)φ.
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Proposition 5.3.

Let Mr be the tube of radius r around the totally geodesic
totally real CPk in CPk×CPk . Then

1 Mr is a Hopf hypersurface.
2 Principal curvature spaces and multiplicities are given

principal curvature multiplicity eigenspace
2 tan(2r) 1 Jm0
tan(r) 2k − 2 Jm1
0 1 Jm4
− cot(r) 2k − 2 m1
−2 cot(2r) 1 m4

3 Mr is contact, Sφ+ φS = −2 cot(2r)φ.
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Proposition 5.4.

Let Mr be the tube of radius 0 < t < π√
2

around the totally

geodesic totally real HPk in G2(C2k+2). Then
1 Mr is a Hopf hypersurface.
2 Principal curvature spaces and multiplicities are given

principal curvature multiplicity eigenspace
2 tan(2r) 1 Jm0
tan(r) 4k − 4 Jm1
0 3 Jm4
− cot(r) 4k − 4 m1
−2 cot(2r) 3 m4

3 Mr is contact, Sφ+ φS = −2 cot(2r)φ.
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Proposition 5.5.

Let Mr be the tube of radius r around the totally geodesic
totally real OP2 in E6/Spin10U1. Then

1 Mr is a Hopf hypersurface.
2 Principal curvature spaces and multiplicities are given

principal curvature multiplicity eigenspace
−2 tan(2r) 1 Jm0
tan(r) 8 Jm1
0 7 Jm4
− cot(r) 8 m1
−2 cot(2r) 7 m4

3 Mr is contact, Sφ+ φS = −2 cot(2r)φ.

Y.J.Suh Real Hypersurfaces



Hypersurfaces in Hermitian Symmetric Spaces
Contact Hypersurfaces in HSS

Other Topics and Constant Reeb Function
References

Contact Hypersurfaces and Related Topics
Contact Conjecture
Focal Submanifolds and Examples

Proposition 5.5.

Let Mr be the tube of radius r around the totally geodesic
totally real OP2 in E6/Spin10U1. Then

1 Mr is a Hopf hypersurface.
2 Principal curvature spaces and multiplicities are given

principal curvature multiplicity eigenspace
−2 tan(2r) 1 Jm0
tan(r) 8 Jm1
0 7 Jm4
− cot(r) 8 m1
−2 cot(2r) 7 m4

3 Mr is contact, Sφ+ φS = −2 cot(2r)φ.

Y.J.Suh Real Hypersurfaces



Hypersurfaces in Hermitian Symmetric Spaces
Contact Hypersurfaces in HSS

Other Topics and Constant Reeb Function
References

Contact Hypersurfaces and Related Topics
Contact Conjecture
Focal Submanifolds and Examples

Proposition 5.5.

Let Mr be the tube of radius r around the totally geodesic
totally real OP2 in E6/Spin10U1. Then

1 Mr is a Hopf hypersurface.
2 Principal curvature spaces and multiplicities are given

principal curvature multiplicity eigenspace
−2 tan(2r) 1 Jm0
tan(r) 8 Jm1
0 7 Jm4
− cot(r) 8 m1
−2 cot(2r) 7 m4

3 Mr is contact, Sφ+ φS = −2 cot(2r)φ.

Y.J.Suh Real Hypersurfaces



Hypersurfaces in Hermitian Symmetric Spaces
Contact Hypersurfaces in HSS

Other Topics and Constant Reeb Function
References

Contact Hypersurfaces and Related Topics
Contact Conjecture
Focal Submanifolds and Examples

Proposition 5.5.

Let Mr be the tube of radius r around the totally geodesic
totally real OP2 in E6/Spin10U1. Then

1 Mr is a Hopf hypersurface.
2 Principal curvature spaces and multiplicities are given

principal curvature multiplicity eigenspace
−2 tan(2r) 1 Jm0
tan(r) 8 Jm1
0 7 Jm4
− cot(r) 8 m1
−2 cot(2r) 7 m4

3 Mr is contact, Sφ+ φS = −2 cot(2r)φ.

Y.J.Suh Real Hypersurfaces



Hypersurfaces in Hermitian Symmetric Spaces
Contact Hypersurfaces in HSS

Other Topics and Constant Reeb Function
References

Contact Hypersurfaces and Related Topics
Contact Conjecture
Focal Submanifolds and Examples

Proposition 5.1.

Let Mr be the tube of radius r around the totally geodesic
totally real Sk in Qk . Then
(1) Mr is a Hopf hypersurface.
(2) Principal curvature spaces and multiplicities are given

principal curvature multiplicity eigenspace
2 tan(r) 1 Jm0
0 k − 1 Jm1
− cot(r) k − 1 m1

(3) Mr is contact, Sφ+ φS = − cot(r)φ.
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Converse of the Proof

1 If rk(M̄) > 1, what are the constraints on the unit normal
field N ?
If M̄ is the complex quadric, then N is singular everywhere.
Moreover, only one of possible two types of singular
vectors can occur, namely that of A-principal vectors.

2 What are the constraints on the rank of M̄ ?
3 Can we make a contradiction if rk(M̄) > 2 ?
4 After making Lie-algebraic set up of M̄ in HSS with rank 2,

and solving Jacobi differential equation, we will calculate
all the principal curvatures of M.
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rk(M̄)≤2

Let Σ be an integrable and totally real submanifold of the
holomorphic distribution C of M in M̄. Since Σ is totally real in C
such that TpΣ⊕T⊥p Σ = C. Then for any X ,Y∈TpΣ

[X ,Y ]∈TpΣ⇐⇒
0 =g([X ,Y ], ξ) = −g((φA + Aφ)X ,Y )

=− kg(φX ,Y ).

If dimTpΣ≥2, then g(φX ,Y ) = 0. This is in a contradiction to
Y = φX . So rankΣ≤1, which means that

1≥rankΣ =
1
2

rankC =
1
2

rankM̄.

Consequently, rankM̄≤2.
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Other related topics in Qm

Let M be a real hypersurface in the complex quadric Qm. Then
the following problems related to the Ricci tensor are proved

Parallel Ricci tensor ∇Ric = 0 (Adv. Math., Suh, 2015)
Harmonic curvature δRic = 0, that is,
(∇X Ric)Y = (∇YRic)X (J. Math. Pures Appl., Suh, 2016)
Pseudo-anti commuting Ricci tensor, that is,
φRic + Ricφ = kφ and Ricci soliton problems (J. Math.
Pures Appl., Suh, 2017)
Pseudo-Einstein real hypersurfaces, Ric = ag + bη⊗ξ
(Math. Nachr., Suh, 2017)
Reeb-parallel Ricci tensor, that is, ∇ξRic = 0 (J. of Geom.
and Anal., Suh, 2019)
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Another related topics in Qm∗

Let M be a real hypersurface in the complex hyperbolic quadric
Qm∗. Then the following problems are proved

Real hypersurfaces in the complex hyperbolic quadric with
Reeb parallel shape operator(Ann. Mat. Pura Appl., Suh
and Hwang, 2017)
Real hypersurfaces in the complex hyperbolic quadric with
isometric Reeb flow(Comm. in Contemp. Math., Suh,
2018)
Pseudo-anti commuting Ricci tensor, that is,
φRic + Ricφ = kφ (SCI China Math., Suh, 2019)
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Complex space form for α = g(Sξ, ξ)

Let M⊂(M̄, ḡ) be a Kaehler manifold. Then ξ = −JN is said to
be a Reeb vector field, and α = g(Sξ, ξ) a Reeb function,
where S denotes the shape opeartor defined by ∇̄X N = −SX
for any X∈TxM, x∈M.

Theorem 3.6.

Let M be a real hypersurface in a complex space form M̄n(c),
n > 2. Then have the following:

In Pn(C), M is Hopf, then the Reeb function α is constant.
(1976, Maeda, JMS)
In Hn(C), M is Hopf, then the Reeb function α is constant.
(1990, Ki-Suh, OMJ)
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Compact Grassmannian for α = g(Sξ, ξ)

Theorem 3.7.

Let M be a real hypersurface in Complex two-plane
Grassmannian, G2(Cm+2), n > 2. Then the following results
hold:

M is Hopf and g(SD,D⊥) = 0, then M is congruent to a
tube over G2(Cm+1) or HPn, m = 2n. Moreover, α is
constant. (1999, Berndt-Suh, Monat.)
M has an isometric Reeb flow, then α is constant. (2002,
Berndt-Suh, Monat.)
M is contact with constant mean curvature, then α is
constant. (2006, Suh, Monat.)
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Non-compact Grassmannian for α = g(Sξ, ξ)

Theorem 3.8.

Let M be a real hypersurface in non-compact complex
two-plane Grassmannian, SU2,m/SU2·SUm, n > 2. Then the
following results hold:

M is Hopf and g(SD,D⊥) = 0, then M is congruent to a
tube over SU2,m−1/SU2·SUm−1, HHn, m = 2n, or a
horosphere. Moreover, α is constant. (2012, Berndt-Suh,
IJM.)
M has an isometric Reeb flow, then α is constant. (2013,
Suh, AAM.)
M is contact with constant mean curvature, then α is
constant. (2013, Berndt-Suh-Lee, IJM.)
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Complex Quadric for α = g(Sξ, ξ)

Theorem 3.9.

Let M be a connected orientable real hypersurface in
complex quadric, Qm = SOm+2/SOm·SO2, m > 2. Then the
following results hold:

M is Hopf with A-isotropic, then the Reeb function α is
constant. (2013, Berndt-Suh, IJM.)
M is Hopf with A-principal, then the Reeb function α is
constant. (2014, Suh, IJM.)
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following results hold:

M is Hopf with A-isotropic, then the Reeb function α is
constant. (2013, Berndt-Suh, IJM.)
M is Hopf with A-principal, then the Reeb function α is
constant. (2014, Suh, IJM.)
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Complex Hyperbolic Quadric for α = g(Sξ, ξ)

Theorem 3.10.

Let M be a real hypersurface in complex hyperbolic quadric,
SOm,2/SOm·SO2, m > 2. Then the following results hold:

M is Isometric Reeb Flow with A-isotropic, then the Reeb
function α is constant. (2018, Suh, CCM.)
M is Contact with A-principal, then the Reeb function α is
constant. (2015, Berndt-Suh, PAMS.)
M is Hopf with A-principal, then the Reeb function α is
constant. (2019, Suh-Perez-Woo, PMD.)
M is Hopf with A-isotropic, then is the Reeb function α is
constant ? (Problem)
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constant. (2015, Berndt-Suh, PAMS.)
M is Hopf with A-principal, then the Reeb function α is
constant. (2019, Suh-Perez-Woo, PMD.)
M is Hopf with A-isotropic, then is the Reeb function α is
constant ? (Problem)
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Compact HSSM for α = g(Sξ, ξ)

Theorem 3.11.

Let M be a connected orientable real hypersurface in
Hermitian symmetric space of compact type, that is, Gk (Cm+2),
Qm, Spm/Um, SO2m/Um, E6/Spin10·U1, and E7/E6·U1. Then
the following statements hold:

M is Isometric Reeb Flow, then the Reeb function α is
constant. (2019, Berndt-Suh, CCM.)
M is Contact,Sφ+ φS = kφ, k 6=0, then the Reeb function
α is constant. (Berndt-Suh, In preprint.)
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Non-Compact HSSM for α = g(Sξ, ξ)

Theorem 3.12.

Let M be a connected orientable real hypersurface in
Hermitian symmetric space of non-compact type, that is,
G∗k (Cm+2), Qm∗, Spm(R)/Um, SO∗2m/Um, E−14

6 /Spin10·U1, and
E−25

7 /E6·U1. Then the following statements hold:
M is Isometric Reeb Flow, then is the Reeb function α
constant ? (Problem)
M is Contact,Sφ+ φS = kφ, k 6=0, then is the Reeb
function α constant ? (Problem)
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